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Abstract

Large-scale unconstrained optimisation problems abound in applications
such as training machine learning models and data assimilation in weather
forecasting. Evaluations of the objective or its derivatives—for exam-
ple, computing a full gradient vector—may be extremely computationally
expensive. This issue has recently revived research interest in subspace
methods for optimisation, which shrink the dimension of the subproblems
solved by typical numerical optimisation strategies at each iterate. In
addition to making the subproblem cheaper to solve, these algorithms
require only reduced problem information, such as a subset of partial
derivatives as opposed to the full gradient.

Aside from (deterministic) cyclic block-coordinate algorithms, we can di-
vide existing subspace methods into two classes: random, where subspaces
are drawn randomly, and deterministic, where full gradient information
informs the subspace construction. In this dissertation we propose hybrid
subspace methods, where the chosen subspace is a function of randomly
reduced problem gradient information. The algorithms we present sit be-
tween the two aforementioned classes, novelly allowing the use of only
partial gradient information in designing the chosen subspace.

We describe a class of limited-memory hybrid subspace line search algo-
rithms, L-HS, and derive high-probability global worst-case convergence
and complexity bounds for it. In Python, we implement L-HS-SD and
L-HS-N, first- and second-order variants of L-HS, and, following a thor-
ough discussion of their per-iteration costs, carry out extensive numerical
tests on problems from the CUTEst suite.
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Chapter 1

Introduction

In this dissertation we are interested in the nonconvex unconstrained minimisation
problem,

min
x∈Rn

f(x), f : Rn → R, (1.1)

where the ambient dimension n is large. We assume throughout that f is of class C1

and bounded below. Such a setting is common in applications such as training large
machine learning models [1] or data assimilation in weather forecasting [2].

Our attention is principally dedicated to subspace methods. Broadly speaking,
we use this term to refer to numerical optimisation algorithms in which each iterate
update is explicitly calculated in a lower-dimensional subspace.1

Suppose that an algorithm applied to (1.1) produces a sequence of (decision vari-
able) iterates {xk}k∈N with updates

xk+1 = xk + sk. (1.2)

In a subspace method, we can codify each subspace by the range of a matrix Pk ∈
Rn×mp , with subspace dimension mp < n. Thus,

sk = Pkŝk, for some ŝk ∈ Rmp . (1.3)

Compared to full-space counterparts, this can bring about computational savings
on two fronts: for one, the subproblem at each iterate is of lower dimension and there-
fore likely to be cheaper to solve; moreover, the method may only require incomplete
problem information to form the subproblem in the first place. In large-scale set-

1Strictly speaking and depending on the frame of reference, one could call these “affine subspace
methods”. In any case, “subspace methods” seems more common.
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tings, where computing and storing a single full-dimensional gradient vector may be
prohibitively expensive, this is highly appealing.

Let us now trace a path to the state of the art in subspace methods, beginning
with related principles found in well-known algorithms. Note that we use the notation
∇fk := ∇f(xk) and ⟨·⟩ := span {·}.

We can start by pointing out that, under certain conditions, commonly used
quasi-Newton methods—using trust region or line search safeguards—generate it-
erate steps contained in the nested subspaces ⟨∇f0, . . . ,∇fk⟩ [3, Lemma 2.3]. Pop-
ular nonlinear conjugate gradient (CG) algorithms for optimisation, such as the
Fletcher-Reeves and the Polak-Ribière methods, take steps sk ∈ ⟨∇fk, sk−1⟩ [4, sec.
5.2].

Going a level deeper, one can use Krylov subspace methods to inexactly solve
(quasi-)Newton systems [5]. An example is the Newton-CG method, where the
Newton system is solved approximately by a linear CG iteration truncated to ensure
the generation of descent search directions [4, sec. 6.2].2

Newton-CG reduces the cost of solving the subproblem at each iterate, and it
even does away with requiring the full Hessian matrix—only Hessian actions (Hessian-
vector products) are required.3 However, it still requires the full gradient; by contrast,
subspace methods can avoid this too.

The simplest examples of subspace methods are perhaps block-coordinate de-
scent algorithms, where the subspaces are aligned with coordinate directions. Thus
each iterate step changes only a subset of its entries, and the first-order derivative
information of f in such a subspace is similarly determined by just a subset of mp

partial derivatives of f . Deterministic (cyclic) [6] as well as random [7, 8] coordinate
block selection rules have been proposed and analysed, and are very popular [9].

Unsurprisingly, subspace methods with arbitrarily aligned subspaces have also
been proposed. Here, too, deterministic [3, 10–13] as well as random [14–19] ap-
proaches have been studied. As in the block-coordinate case, these methods do not
require the full objective gradient at each iteration, relying instead on a small number
of (scalar) directional derivatives of f .

Novelly, in this dissertation we propose what we call hybrid subspace methods,
which exploit (randomly) reduced problem information in subspace construction.
Our methods sit, in some sense, between the deterministic subspace methods of [3,

2Note that this still falls outside our definition of subspace methods, since the subproblem is
indirectly—not explicitly—restricted to a subspace.

3Provided f is twice continuously differentiable, the Hessian is the n × n symmetric matrix
function of second-order partial derivatives, denoted by ∇2f .
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10–13]—in which full-dimensional gradient information is used in constructing the
subspace—and the random subspace methods of [14–19]—where no problem informa-
tion is used at all in constructing the subspace. While aiming to reduce our problem
evaluation expenditure, we still want to exploit whatever reduced information we do
compute in constructing subspaces.

The elementary unit of evaluation cost we use is therefore the consultation of a di-
rectional derivative oracle which provides gradient-vector inner products. In practice
this role may be achieved through automatic differentiation [20] or, approximately,
through finite differences [4, sec. 7.1]; for our purposes, this occurs in a black box.

1.1 Notation and Terminology
We take this opportunity to (re)state some key notation. We use N := {0, 1, . . .}
and N+ := N \ {0}. The symbols ∇fk and ∇2fk stand for the gradient vector and
Hessian matrix, respectively, of f at xk, and we also use ⟨·⟩ = span {·}. Given a real
symmetric matrix A, its (real) eigenvalues are λi(A), with the smallest one denoted
by λmin(A). Standard vector and matrix norm notations are used.

At points, we may slightly abuse the symbols used in previous statements. As an
example, we may write “Sk satisfies the bound (x)” when what we mean precisely is
“Sk satisfies the bound obtained from (x) by replacing Pk with Sk”. We do this in
the hope that the gaps are easy for the reader to fill in through context, and that the
resulting statements are more concise as well as easier to understand.

As a final word of caution, we note our frequent non-standard use of the terms
“first-order method” and “second-order method”. Within our framework, this relates
only to the way in which search directions are computed, so while “first-order” variants
never use second-order information, “second-order” ones may or may not do so.

1.2 Organisation
In Chapter 2 we describe our basic theory on hybrid subspace methods using line
search. Then, in Chapter 3, we describe L-HS, a class of limited-memory hybrid
subspace line search methods, with first- and second-order variants L-HS-SD and
L-HS-N respectively, and show how they fit within the theory of Chapter 2. Af-
ter thoroughly discussing these methods’ per-iteration costs, we carry out extensive
numerical studies and benchmarks in Chapter 4. We finally conclude in Chapter 5.

3



Chapter 2

Algorithm Framework and Theory

In this chapter we introduce the algorithmic/theoretical framework to be considered
for the remainder of this thesis. We proceed to state and prove conditions under
which global convergence guarantees and complexity results can be provided for ran-
dom/hybrid subspace methods using line searches—these conditions and assumptions
will inform the practical method, L-HS, that we propose in Chapter 3.

2.1 Classical Line Search Algorithms
We begin our discussion of line search methods with a brief presentation of basic
theory. For the remainder of this dissertation, we assume that the objective function
satisfies the standard Assumption 2.1, and the symbol L is reserved accordingly.

Assumption 2.1 (Smoothness). The objective function f : Rn → R is of class C1

and bounded below. Moreover, its gradient ∇f is Lipschitz-continuous with Lipschitz
constant L over Rn.

We also need the notion of convergence to ϵ-first-order optimality of an algorithm
for (1.1). This is defined on the basis that the algorithm in question finds an iterate
xk such that ϵ ≥ ∥∇fk∥2 ≥ 0.

Now, under Assumption 2.1, global first-order convergence guarantees of deter-
ministic line search methods are classically reliant on three ingredients:

1. Search directions pk ∈ Rn of descent (i.e. where p⊤k∇fk < 0) and uniformly
bounded away from orthogonal to ∇fk.

2. A line search procedure ensuring sufficient decrease in f relative to αk.

3. A relative lower bound on the step size αk.

4



A simple way to secure ingredients 2 and 3 is to perform a so-called backtracking
Armijo line search [4, sec. 3.1]. Thus, at iteration k, given a descent direction pk

and (fixed) parameters α(0) > 0, τ ∈ (0, 1), β ∈ (0, 1), we successively try αk =

α(0)τ 0, α(0)τ 1, . . . until the Armijo condition for sufficient decrease

f(xk)− f(xk + αkpk) ≥ βαk
∣∣∇f⊤

k pk
∣∣ (2.1)

is satisfied. We then settle on that value for αk. This ensures that the function
decrease is, at worst, proportional to that of the first-order Taylor approximant of f
along pk. Further, one can derive a (relative) lower bound on the resulting αk [21,
Lemma 3].

Theorem 2.1.1 follows from the use of a generic backtracking Armijo line search
method for (1.1).

Theorem 2.1.1 ([21, Theorem 4]). Suppose f satisfies Assumption 2.1. Apply a
generic backtracking Armijo line search method—along descent directions—to its min-
imisation over infinitely many iterations, with updates xk+1 = xk+αkpk. Let θk denote
the angle between −∇fk and pk. Then either ∃ l ≥ 0 such that ∇fl = 0, or

lim
k→∞
∥∇fk∥ · cos(θk) ·min {1, ∥pk∥} = 0. (2.2)

This result makes clear that using descent directions is not enough. We must
generally ensure that search directions are uniformly bounded away from orthogonal
to the gradient—that is, there is an iteration-independent constant cosmin > 0 such
that cos(θk) ≥ cosmin for all k—to secure global convergence

(
limk→∞ ∥∇fk∥2 = 0

)
.

2.2 Generic Subspace Method: CFS Framework
While the discussion in Section 2.1 gives us a basic intuition for classical line search
methods, our consideration of non-deterministic subspace matrices Pk entails more
care. In deriving conditions for global convergence (in a probabilistic sense), we
make use of the framework introduced in [18, sec. 2], which we shall refer to as the
(Cartis-Fowkes-Shao) CFS framework.

The authors of [18] propose a generic algorithm based on (generally) random
models of f centred on the current iterate and (generally) of reduced dimension. We
present an adapted version in Algorithm 2.1.

The generality of the CFS framework makes the theoretical results derived in [18]
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Algorithm 2.1 CFS: Generic Optimisation Framework Based on Random Reduced
Models for (1.1) [18, Algorithm 1]

Initialisation:
Choose a subspace dimension mp ≤ n and a class of (generally random)
models mk (wk(ŝ)) = m̂k(ŝ). ŝ ∈ Rmp is the reduced step and wk is the
prolongation function, which maps ŝ ∈ Rmp to s ∈ Rn. Choose constants
τ ∈ (0, 1), c ∈ N+, β ∈ (0, 1), and αmax > 0. Define ν = τ−c. Initialise by
setting k = 0, x0 ∈ Rn, and α0 = αmaxτ

p for some p ∈ N+.
1. Compute a reduced model and a potential step:

Compute a local (generally) random model m̂k(ŝ) with m̂k(0) = f(xk).
Compute a reduced step ŝk(αk), where αk influences either the model m̂k or
the step computation.
Compute a potential step sk = wk(ŝk).

2. Check sufficient decrease
Compute f(xk + sk) and check whether a sufficient decrease in f (parame-
terised by β) is achieved.

3. Update αk and possibly take step sk
[Successful iteration] If sufficient decrease is achieved, set xk+1 = xk + sk
and αk+1 = min {αmax, ναk}.
[Unsuccessful iteration] Otherwise set xk+1 = xk and αk+1 = ταk.
In both cases set k = k + 1 and go to step 1.

widely applicable. However, whereas the authors there particularise Algorithm 2.1
and—crucially—the assumptions required from it for trust region and quadratic reg-
ularisation variants, here we do so for line search methods. Further, we examine the
exploitation of problem information in constructing subspaces, while in [18] this is
not considered.

2.3 A Generic CFS-Based Line Search Method
The notation we chose to adopt in Algorithm 2.1 is suggestive of how some of those
generic elements can be transposed to a line search algorithm. Namely, the parameters
αk, τ , and β will play the same roles as they did in Section 2.1.

On the other hand, the notions of successful and unsuccessful iterations will trans-
late a (modified) backtracking procedure—thus a series of unsuccessful iterations,
where the Armijo condition (2.1) does not hold and αk is successively reduced by a
factor τ , will be followed by a successful iteration where it does hold; a step is taken;
and αk+1 is increased to min{αmax, ναk}.

Our proposed CFS-based line search method is given in Algorithm 2.2. We will
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proceed to motivate some of our choices therein by walking through the assumptions
required by the CFS framework for the global convergence/complexity theorem of
[18] to apply.

Algorithm 2.2 Random Subspace Line Search Method for (1.1)
Initialisation: Similar to that of Algorithm 2.1, with two differences: forgo the
definition of a prolongation function; choose an additional constant #try ∈ N+.

1: P0 ← ConstructSubspace(problem, ensemble, ·)
2: k ← 0, jtry ← 0
3: while not terminated do
4: pk ← ComputeDirection(Pk, problem) ▷ pk ∈ Rn is a descent direction.
5: Compute trial step sk = αkpk
6: jtry ← jtry + 1
7: if trial step satisfies Armijo condition (2.1) then ▷ Successful iteration.
8: Pk+1 ← ConstructSubspace(problem, ensemble, history)
9: xk+1 ← xk + sk

10: αk+1 ← min {αmax, ναk}
11: jtry ← 0
12: else ▷ Unsuccessful iteration.
13: xk+1 ← xk
14: αk+1 ← ταk
15: if jtry = #try then ▷ Hit backtracking limit in the current subspace.
16: Pk+1 ← ConstructSubspace(problem, ensemble, history)
17: jtry ← 0
18: end if
19: end if
20: k ← k + 1
21: end while

2.4 Global Convergence and Complexity of Algo-
rithm 2.2

The main global worst-case convergence and complexity result from [18] is its Theo-
rem 2.1, which is applicable to the very generic Algorithm 2.1. This relies on a set
of four assumptions, which we will transpose to our line search particularisation,
Algorithm 2.2.

It is essential to note that, for our Algorithm 2.2 to fit within the CFS framework,
Algorithm 2.1, and its associated theory from [18], it must be run with #try = 1.
This is so that the local random model is re-computed/re-drawn after every iteration,
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regardless of whether it was successful or not. The reason we leave open the option
to have #try > 1 is that it leads to better performance on our metrics of problem
information expenditure. We elaborate on this matter in Chapters 3 and 4.

Since Algorithm 2.2 is generally random, the mathematical objects involved—xk,
sk, Pk, and so on—are random variables. Wherever context so requires, in this chapter
we use overbars to distinguish these variables from their realisations—respectively x̄k,
s̄k, P̄k, and so on. We also define (first-order) convergence on the basis of the random
variable

Nϵ = min {k : ∥∇fk∥2 ≤ ϵ} . (2.3)

Assumption 2.2 introduces the notion of a true iteration, which will be used
throughout the discussions in this chapter as well as in Chapter 3.1 It is adapted
from its original statement in [18]—this enables our framework to include hybrid con-
structions where the probability of truthfulness is conditionally dependent on more
than just the current iterate.

Assumption 2.2 (Adapted from [18, Assumption 1]). There exist δS ∈ (0, 1) and
p ∈ N+ such that, for any set of iterates {x̄l, . . . , x̄k−1, x̄k} and k ∈ N+,

Pr {Tk = 1 | xl = x̄l, . . . , xk = x̄k} ≥ 1− δS, (2.4)

where l = max{0, k − p+ 1} and Tk is defined as

Tk =

1, if iteration k is true

0, otherwise.
(2.5)

Moreover, Pr {T0} ≥ 1 − δS, and Tk is conditionally independent of T0, T1, . . . , Tl−1

given xl = x̄l, . . . , xk = x̄k.2

Assumption 2.3 states that before convergence and for αk small enough, a true
iteration is guaranteed to also be successful.

Assumption 2.3 ([18, Assumption 2]). For any ϵ > 0, there exists an iteration-
independent constant αlow such that if iteration k is true, k < Nϵ, and αk < αlow,
then iteration k is successful.

1N.B.: Generally an iteration’s truthfulness has no implication on its success, and vice-versa.
2Note that the set {x̄l, . . . , x̄k} comprises p “past” iterations including the kth (“current”) one;

the exception is when k < p− 1, in which case this set comprises the k + 1 iterations {x̄0, . . . , x̄k}.
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Assumption 2.4 provides a condition of sufficient decrease at each true and suc-
cessful iteration before convergence. In the case of Algorithm 2.2, this assumption is
fulfilled in part by the Armijo condition (2.1) for iteration success.

Assumption 2.4 ([18, Assumption 3]). There exists a non-negative, non-decreasing
(in both arguments) function h(z1, z2) such that, for any ϵ > 0, if iteration k is true
and successful with k < Nϵ, then

f(xk)− f(xk + sk) ≥ h(ϵ, αk), (2.6)

where sk is computed in Step 1 of Algorithm 2.1 or Line 5 of Algorithm 2.2. Moreover,
h(z1, z2) > 0 provided z1 > 0 and z2 > 0.

Assumption 2.5, last in this foursome, requires simply that objective values are
monotonically decreasing throughout the algorithm. This is clearly fulfilled by our
use of the Armijo condition (2.1) for iteration success.

Assumption 2.5 ([18, Assumption 4]). For any k ∈ N, we have

f(xk) ≥ f(xk+1). (2.7)

Having listed the assumptions we require Algorithm 2.2 to satisfy, we move to
particularise it further.

2.4.1 Search Directions and True Iterations

The notion of a true iteration plays a significant role in Assumptions 2.2 to 2.4.
However, we will see that it may be sensible to define it differently depending on how
we compute pk—that is, how we specify ComputeDirection in Algorithm 2.2.

Here we propose classes of well-known search directions, motivated by the min-
imisation of (a) linear or (b) strictly convex quadratic local models. We do this
by setting pk = Pkp̂k in a typical derivative-based local model construction,3 leading
to the subproblem

p̂k = argmin
p̂∈Rmp

p̂⊤
(
P⊤
k ∇fk

)
+

1

2
p̂⊤

(
P⊤
k BkPk

)
p̂, (2.8)

where Bk ∈ Sn is user-chosen (often the Hessian ∇2fk or an approximation to it).4

3The construction of local models incorporating derivative information is a ubiquitous technique
in nonlinear optimisation. Many examples can be found in [4].

4We use Sn to denote the set of real symmetric n× n matrices.
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2.4.1.1 First-Order Local Models

If in (2.8) we have Bk = 0, a linear model is recovered and a constraint must be added
for the subproblem to be well-posed. A well-known approach is to force ∥p̂∥2 = 1,
which can easily be shown to lead to the steepest descent (SD) direction in the
subspace, and a resulting full-space search direction

pk = −PkP⊤
k ∇fk. (2.9)

When using this steepest descent-like search direction—which we call SD-like—we
may define true iterations as in Definition 2.1.

Definition 2.1 (True iteration in SD-like search [18, Def. 3.1]). In Algorithm 2.2,
let Pmax > 0 and ϵS ∈ (0, 1) be iteration-independent constants. Iteration k is true if
and only if

∥∥P⊤
k ∇fk

∥∥
2
≥ ϵS ∥∇fk∥2 and (2.10)

∥Pk∥2 ≤ Pmax. (2.11)

It remains for us to prove that this setup satisfies Assumptions 2.3 and 2.4. The
first step—bounding below the cosine of the angle between pk and ∇fk—is familiar
to us from Section 2.1.

Lemma 2.1. In Algorithm 2.2, for all k ∈ N, let pk = −PkP⊤
k ∇fk. If iteration k is

true (Definition 2.1), then ∣∣∇f⊤
k pk

∣∣
∥∇fk∥2 ∥pk∥2

≥ ϵS
Pmax

> 0. (2.12)

Proof. Since pk = −PkP⊤
k ∇fk, we can write∣∣∇f⊤

k pk
∣∣

∥∇fk∥2 ∥pk∥2
=

∥∥P⊤
k ∇fk

∥∥2

2

∥∇fk∥2
∥∥PkP⊤

k ∇fk
∥∥
2

≥
∥∥P⊤

k ∇fk
∥∥2

2

∥∇fk∥2 ∥Pk∥2
∥∥P⊤

k ∇fk
∥∥
2

≥
∥∥P⊤

k ∇fk
∥∥
2

∥∇fk∥2 Pmax

≥ ϵS
Pmax

> 0.

Note that the first inequality follows from the submultiplicativity of the spectral
matrix norm, while the second and third follow from k being a true iteration. ■

The next step is to prove the existence of αlow in Assumption 2.3. We also provide
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a bound on the norm of pk, to be used in proving Lemma 2.3.

Lemma 2.2. In Algorithm 2.2, for all k ∈ N, let pk = −PkP⊤
k ∇fk. If iteration k is

true (Definition 2.1), then
∥pk∥2 ≥ ϵ2S ∥∇fk∥2 . (2.13)

Furthermore, the Armijo condition (2.1) is then satisfied for all αk ∈ (0, αlow), where

αlow =
(1− β)ϵS
P 3
maxL

. (2.14)

Proof. Start with the bound on ∥pk∥2. Let us momentarily define Ak = PkP
⊤
k . Since

Ak is symmetric, it can be expressed as Ak =
∑n

i=1 λi
(
uiu

⊤
i

)
, where {λi, ui} are

pairs of (real) eigenvalues and unit eigenvectors of Ak. Further, the set {ui}ni=1 is an
orthogonal eigenbasis.

Now, since iteration k satisfies Definition 2.1, we have
∥∥P⊤

k ∇fk
∥∥2

2
≥ ϵ2S ∥∇fk∥

2
2,

which is the same as ∇f⊤
k Ak∇fk ≥ ϵ2S ∥∇f 2

k∥2. On the other hand,

∇f⊤
k Ak∇fk =

n∑
i=1

λi
(
u⊤i ∇fk

)2
= ∥∇fk∥22

n∑
i=1

λi cos
2 ηi, (2.15)

where ηi is the angle between ∇fk and ui. Therefore
∑n

i=1 λi cos
2 ηi ≥ ϵ2S.

Now, recall that we are interested in ∥pk∥22 =
∥∥PkP⊤

k ∇fk
∥∥2

2
= ∇f⊤

k A
2
k∇fk =

∥∇fk∥22
∑n

i=1 λ
2
i cos

2 ηi. By the Cauchy-Schwarz inequality,

(
∥∇fk∥22 ϵ

4
S ≤

)
∥∇fk∥22

∣∣∣∣∣
n∑
i=1

λi cos
2 ηi

∣∣∣∣∣
2

≤

=∥pk∥22︷ ︸︸ ︷
∥∇fk∥22

∣∣∣∣∣
n∑
i=1

λ2i cos
2 ηi

∣∣∣∣∣ ·
=1︷ ︸︸ ︷∣∣∣∣∣

n∑
i=1

cos2 ηi

∣∣∣∣∣, (2.16)

where the latter term’s being equal to 1 follows from {ui}ni=1 being an orthogonal
basis of Rn. Taking square roots yields the bound on ∥pk∥2.

Now we turn to the αlow result. We know from [21, Lemma 2] that the Armijo
condition (2.1) is satisfied for all αk ∈ (0, αArm), where

αArm =
(1− β)

∣∣∇f⊤
k pk

∣∣
L ∥pk∥22

=
(1− β)

∣∣∇f⊤
k pk

∣∣
L ∥pk∥2 ∥∇fk∥2

· ∥∇fk∥2
∥pk∥2

≥ (1− β)ϵS
PmaxL

· ∥∇fk∥2∥∥PkP⊤
k ∇fk

∥∥
2

≥ (1− β)ϵS
P 3
maxL

.

Note that the first inequality follows from Lemma 2.1, while the second follows from
∥Pk∥2 ≤ Pmax in true iterations (Definition 2.1) and the submultiplicativity of the
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spectral matrix norm. The result then follows. ■

We are now only left with specifying the sufficient decrease function h for As-
sumption 2.4.

Lemma 2.3. Suppose iteration k is true as per Definition 2.1. Let pk = −PkP⊤
k ∇fk,

with a corresponding trial iterate update sk = αkpk for some αk > 0. Then Assump-
tion 2.4 holds with

h(ϵ, αk) =
βϵ3S
Pmax

αkϵ
2. (2.17)

Proof. The Armijo condition (2.1) implies that, in true successful iterations, f(xk)−
f(xk + sk) ≥

∣∣βαkp⊤k∇fk∣∣. On the other hand, we have from Lemma 2.1 that∣∣p⊤k∇fk∣∣ ≥ ϵS ∥∇fk∥2 ∥pk∥2 /Pmax. The bounds (2.13) and ∥∇fk∥2 > ϵ (before con-
vergence) also hold, and plugging them into this leads to the stated result. ■

We have thus shown that under this setup—defining true iterations as Defini-
tion 2.1, using search directions pk = −PkP⊤

k ∇fk, and defining iteration success
using the Armijo condition (2.1)—Assumptions 2.3 to 2.5 are satisfied.

2.4.1.2 Second-Order Local Models

We now turn to cases where Bk ̸= 0. This could encompass—for example—Newton,
quasi-Newton, and Gauss-Newton methods [4], so we refer to this case as a Newton-
like search. We use Assumption 2.6, adapted from common conditions in practical
second-order methods [4, sec. 6.3].

Assumption 2.6 (Spectrum of Bk). Pk ∈ Rn×mp has full (column) rank for all
k ∈ N. Moreover, there are iteration-independent constants M1 ≥ M2 > 0 such that,
for all k ∈ N, M1In ⪰ Bk and (Pkp̂k)

⊤Bk (Pkp̂k) ≥M2 ∥Pkp̂k∥22 for all p̂k ∈ Rmp \{0}.

In these cases we may define true iterations differently to when Bk = 0. Namely,
we take an iteration to be true provided that at least one of the columns of Pk is
uniformly bounded away from orthogonal to ∇fk.

Definition 2.2 (True iteration in Newton-like search). Let
{
P 1
k , . . . , P

mp

k

}
denote the

set of columns of Pk ∈ Rn×mp in Algorithm 2.2. Iteration k is true if and only if∣∣∇f⊤
k P

j
k

∣∣
∥∇fk∥2

∥∥P j
k

∥∥
2

≥ cosmin > 0 for some j ∈ {1, . . . ,mp} , (2.18)

where cosmin ∈ (0, 1) is an iteration-independent constant.

12



We now turn, once more, to finding αlow for Assumption 2.3, as well as bounding
the norm of pk relative to ∇fk.

Lemma 2.4 (Partially from [13]). In Algorithm 2.2, suppose Assumption 2.6 holds.
Suppose, in addition, that Pk also satisfies (2.18). Then (2.8) has a unique solution
p̂k such that, if we set pk = Pkp̂k, then

pk = −Pk
(
P⊤
k BkPk

)−1 (
P⊤
k ∇fk

)
. (2.19)

From this it follows that

∥pk∥2 ≥
cosmin

M1

∥∇fk∥2 . (2.20)

Furthermore, the Armijo condition (2.1) is then satisfied for all α ∈ (0, αlow), where

αlow =
2 (1− β)M2

L
. (2.21)

Proof. Since Assumption 2.6 holds,
(
P⊤
k BkPk

)
≻ 0, so that (2.8) is a strictly convex

problem and has a unique solution p̂k.
Given that Pk also satisfies (2.18) and we set pk = Pkp̂k, the remaining results are

derived in [13, sec. A.5] and [13, sec. A.4] respectively. ■

Finally, we use the Armijo sufficient decrease condition (2.1) for Assumption 2.4.

Lemma 2.5 (Sufficient decrease in Newton-like search). Suppose the conditions of
Lemma 2.4 hold, and pk is computed as per (2.19), with a corresponding trial iterate
update sk = αkpk for some αk > 0. Then Assumption 2.4—with true iterations given
by Definition 2.2—holds with

h(ϵ, αk) =
βM2cos

2
min

M2
1

αkϵ
2. (2.22)

Proof. Given Assumption 2.6 and with Pk satisfying (2.18), it is proved in [13, sec.
A.4] that

∣∣∇f⊤
k pk

∣∣ ≥ M2 ∥pk∥22. The stated result follows from plugging this bound,
the bound (2.20), and ∥∇fk∥2 > ϵ (before convergence) into (2.1). ■

We have thus shown that this setup, too, satisfies Assumptions 2.3 to 2.5.
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2.4.1.3 Newton-like and SD-like Truthfulness Definitions Compared

It is worth observing now that Definition 2.1 (for SD-like searches) requires a stronger
set of conditions than Definition 2.2 (for Newton-like searches), since we use this fact
at multiple points in later discussions.

Lemma 2.6. In Algorithm 2.2, if an iteration fits Definition 2.1 for some ϵS ∈ (0, 1)

and Pmax > 0, then it also fits Definition 2.2 with cosmin = ϵS/
(√

mpPmax

)
. However,

no analogous converse holds.

Proof. ( =⇒ ) For arbitrary ∇fk, suppose Pk ∈ Rn×mp is such that the requirements
of Definition 2.1 are satisfied. Then (2.10) holds.

Suppose also, for contradiction, that the requirements of Definition 2.2 do not
hold, that is,

∣∣∇f⊤
k P

j
k

∣∣2 < cos2min

∥∥P j
k

∥∥2

2
∥∇fk∥22 , ∀j ∈ {1, . . . ,mp} . (2.23)

Summing this over j gives

(∥∥P⊤
k ∇fk

∥∥2

2
=
) mp∑
j=1

∣∣∇f⊤
k P

j
k

∣∣2 < cos2min ∥∇fk∥
2
2

mp∑
j=1

∥∥P j
k

∥∥2

2
. (2.24)

Together with the bound (2.10), this implies

cos2min ∥∇fk∥
2
2

mp∑
j=1

∥∥P j
k

∥∥2

2
> ϵ2S ∥∇fk∥

2
2 =⇒ cos2min ∥Pk∥

2
F > ϵ2S. (2.25)

It is a well-known fact that ∥Pk∥2F ≤ mp ∥Pk∥22 and, since Pk satisfies Definition 2.1,
this implies ∥Pk∥2F ≤ mpP

2
max.

This last bound and (2.25) finally imply that mp cos
2
min P

2
max > ϵ2S, which in turn

is a contradiction provided that cosmin ≤ ϵS/
(√

mpPmax

)
.

( ⇍= ) We use a simple counterexample. Suppose, for all k ∈ N, that the first
column of Pk is ∇fk. Such matrices clearly satisfy Definition 2.2 even if their other
columns grow unboundedly with k, which would clearly disqualify them from satis-
fying Definition 2.1. ■

2.4.1.4 A Practical Unified Definition of True Iterations

In the previous discussions we gave an attempt at describing the minimal known
requirements to be placed on ConstructSubspace in Algorithm 2.2 (or, equivalently,
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on the matrices Pk) in order for our first- and second-order methods—as described
thus far—to satisfy the key Assumptions 2.2 to 2.5.

Now, we propose a simpler definition of a true iteration, unifying the two that we
have stated previously (Definitions 2.1 and 2.2).

Definition 2.3 (True iteration—Unified). In Algorithm 2.2, let cosmin ∈ (0, 1),
Pmax > 0, and ϵP > 0 be iteration-independent constants. Iteration k is true if
and only if, simultaneously, (2.18) holds for some cosmin ∈ (0, 1), ∥Pk∥2 ≤ Pmax, and∥∥P j

k

∥∥
2
≥ ϵP ∀j ∈ {1, . . . ,mp}.5

This “unified” definition is the strictest out of all three stated. The reason we
propose it is how practical it is to adapt from the simple and least strict Defini-
tion 2.2, while also providing a single condition suitable for both SD- and Newton-like
searches (which Definition 2.2 fails to do).

Lemma 2.7. If an iteration fits Definition 2.3 for some cosmin ∈ (0, 1), Pmax > 0,
and ϵP > 0, then it also fits Definition 2.1 with the same Pmax and ϵS = cosmin ϵP .
However, no analogous converse holds.

Proof. ( =⇒ ) We assume without loss of generality that Definition 2.2 is ensured by
the first column of Pk.6

Now we turn to Definition 2.1. Note that the Pmax bound is easily seen to be
inherited from Definition 2.3. Consider, then, the other condition of Definition 2.1:

∥∥P⊤
k ∇fk

∥∥2

2
=

mp∑
j=1

∣∣∇f⊤
k P

j
k

∣∣2 = ∣∣∇f⊤
k P

1
k

∣∣2 + mp∑
j=2

∣∣∇f⊤
k P

j
k

∣∣2 (2.26)

Def. 2.2
≥ cos2min

∥∥P 1
k

∥∥2

2
∥∇fk∥22 +

mp∑
j=2

∣∣∇f⊤
k P

j
k

∣∣2 (2.27)

≥ cos2min

∥∥P 1
k

∥∥2

2
∥∇fk∥22 ≥ cos2min ϵ

2
P ∥∇fk∥

2
2 . (2.28)

We note that the final inequality follows from the assumed lower bound on the Eu-
clidian norm of all columns of Pk. This proves the first part of the lemma.

( ⇍= ) We use a simple counterexample. It is clear from the first part of the proof
above that Pk may satisfy Definition 2.1 while having one of its columns be a zero
vector, which violates one of the conditions of Definition 2.3. ■

5Recall that we use P j
k to denote the jth column of Pk, interpreted as a vector.

6Of course, by no means would this necessarily be known to us during the algorithm—hence the
need for the lower bound on all the columns’ Euclidian norms.
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Using Lemmas 2.6 and 2.7 we can chart the relative strictness of all “true iteration”
definitions stated here, which we do in Figure 2.1.

Newton-like SD-like Unified

Figure 2.1: Subset relations of sets of Pk matrices (in Algorithm 2.2) satisfying the
three definitions of true iterations proposed.

As we mentioned, we conclude this discussion by considering how a Pk matrix
compliant with Definition 2.2 can—under the additional assumption that none of its
columns are zero—easily be converted into another compliant with Definition 2.3. We
make use of this observation in L-HS, which we describe in Chapter 3.

Lemma 2.8. Suppose P̃k ∈ Rn×mp satisfies the conditions of Definition 2.2 for some
cosmin ∈ (0, 1). Suppose additionally that none of its columns are zero vectors. Let
Pk denote the matrix obtained from P̃k by normalising each of its columns to have
unit Euclidian norm. Then Pk satisfies the conditions to Definition 2.3 with the same
constant cosmin, Pmax =

√
mp, and ϵP = 1.

Proof. Clearly the directions of the columns of Pk are the same as those of P̃k, so the
cosmin-related bound is inherited thusly.

The normalisation process trivially implies the ϵP -related bound (equality, in fact).
It also implies that ∥Pk∥2F = mp, which in turn implies that ∥Pk∥2 ≤

√
mp. ■

2.4.2 Conditional Independence of Iteration Truthfulness

We have given definitions of iteration truthfulness suitable to ensure, given first- and
second-order local models, the requirements of Assumptions 2.3 and 2.4. The partic-
ularisation for hybrid Pk construction methods is relegated to Chapter 3; however,
at this point it is sensible to address the way in which Assumption 2.2 is adapted
from its original statement in [18], since this is required by the main convergence and
complexity result we aim to “inherit”.

In [18], the original independence condition is only directly used in the proof
of Lemma A.2. Close inspection of this proof reveals that, from the latest step of
(A.6) to (A.7), we can replace the conditioning statements “xN−1” and “xN−1 =

x̄N−1” by “xψ, . . . , xN−1” and “xψ = x̄ψ, . . . , xN−1 = x̄N−1” respectively, where
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ψ = max {0, (N − 1)− p+ 1} for some p ∈ N+ (to be interpreted as in our As-
sumption 2.2). Lemma A.2 and the subsequent proof of the global convergence result
are thus unaffected.

2.4.3 Global Convergence and Complexity Theorem

At last, we are able to piece together the requirements we have listed related to
Assumptions 2.2 to 2.5 in Algorithm 2.2. To recap:

1. We require some notion of a “true iteration”, which occurs with probability at
least 1−δS (Assumption 2.2). We consider how to practically achieve this when
describing L-HS in Chapter 3.

2. True iterations before convergence must be guaranteed to also be successful
given αk ∈ (0, αlow), where αlow is iteration-independent (Assumption 2.3). We
showed this in Section 2.4.1 given two classes of search directions and multiple
definitions of a true iteration.

3. True successful iterations before convergence must satisfy a sufficient decrease
condition which is increasing in αk and in ϵ (Assumption 2.4). Algorithm 2.2
achieves this using the Armijo condition (2.1), and in our first- as well as second-
order methods we achieve h(ϵ, αk) ∝ αkϵ

2 (see (2.17) and (2.22)).

4. Objective values must be monotonically decreasing (Assumption 2.5). This is
guaranteed in Algorithm 2.2 by only updating the iterate when the Armijo
condition (2.1) is satisfied.

With this, we finally state our general global convergence/complexity result.

Theorem 2.4.1 (Adapted from [18, Theorem 2.1]). Let Algorithm 2.2 run with a
target first-order optimality accuracy ϵ > 0 and with #try = 1. Let the search direc-
tion pk be obtained as described in Section 2.4.1.1 (first-order) or in Section 2.4.1.2
(second-order), with a notion of true iteration given by Definition 2.1 or Definition 2.2
respectively. Then Assumptions 2.3 to 2.5 hold with αlow given by (2.14) or (2.21)
and with h given by (2.17) or (2.22) respectively.

Suppose, also, that Assumption 2.2 holds with δS ∈ (0, 1) such that

δS <
c

(c+ 1)2
, (2.29)

where c ∈ N+ is chosen when initialising Algorithm 2.2.

17



Now define f ∗ = minx∈Rn f(x), as well as

ξα =

⌈
logτ

(
min

{
αlow

α0

,
1

ν

})⌉
(2.30)

and
g (δS, δ1) =

[
(1− δS) (1− δ1)− 1 +

c

(c+ 1)2

]−1

. (2.31)

Let Algorithm 2.2 run for N iterations. Then, for any δ1 ∈ (0, 1) such that

g (δS, δ1) > 0, (2.32)

if N satisfies
N ≥ g (δS, δ1)

[
f(x0)− f ∗

h (ϵ, α0τ (c+ξα))
+

ξα
1 + c

]
, (2.33)

then
Pr {N ≥ Nϵ} ≥ 1− exp

(
−δ

2
1

2
(1− δS)N

)
. (2.34)

Proof. The first part of this result—concerning Assumptions 2.3 to 2.5—follows from
the core work done in this chapter. The rest is a consequence of [18, Theorem 2.1] and
the fact that Algorithm 2.2 with #try = 1 is a particular case of Algorithm 2.1. ■

Remark 2.1. In both first- and second-order variants of Algorithm 2.2, we derived
a sufficient decrease function h(ϵ, αk) ∝ αkϵ

2 (see (2.17) and (2.22) respectively).
Putting this into (2.33), we see that this probabilistic worst-case global complexity
bound matches the O (ϵ−2) worst-case bounds of deterministic, full-dimensional meth-
ods for nonconvex optimisation using first-order derivative information to achieve
ϵ-first-order optimality [22, sec. 2].

In this chapter we have shown that our proposed Algorithm 2.2—using #try =

1 and, if in a second-order variant, under Assumption 2.6—is a particular case of
Algorithm 2.1, and that Theorem 2.4.1 is therefore applicable to it. To enable concrete
practical implementations all that remains is to specify ConstructSubspace—that is,
how Pk is computed at each iteration—and ComputeDirection—that is, how Bk is
computed in second-order variants. Crucially, this entails ensuring that under suitable
definitions of true iterations, Assumption 2.2 holds. These are the central concerns
of Chapter 3.

18



Chapter 3

L-HS: Limited-Memory Hybrid
Subspace Method

In this chapter we describe L-HS, a limited-memory hybrid subspace line search
method. While our theoretical discussions in Chapter 2 could be applied to determin-
istic as well as fully random subspace choices, here we flesh out the “hybrid” subspace
idea at the heart of this work. As we have explained, this involves using techniques
which are, in some sense, between the deterministic subspace methods of [3, 10–13]
and the random subspace methods of [14–19], by making use of partial/projected
problem information in constructing subspaces.

From Algorithm 2.1, this particularisation essentially entails describing the func-
tions ConstructSubspace (ensuring that true iterations occur with high probability)
and ComputeDirection (ensuring, in second-order local models, that Bk satisfies As-
sumption 2.6). Building up to that, we keep in mind computational considerations
in terms of derivative evaluations as well as numerical linear algebra costs.

The chapter is organised as follows. In Section 3.1 we motivate and describe our
design of the functions ConstructSubspace and ComputeDirection within L-HS.
Then, in Section 3.2, we show how L-HS fits into the theory presented in Chapter 2.
We conclude in Section 3.3 by thoroughly describing the evaluation and numerical
linear algebra costs of L-HS.

Note that from now on we drop the overbars used in Chapter 2 to distinguish
random variables from their realisations, as the distinction becomes unimportant.
Moreover, in an attempt to make descriptions easier to follow, we use indices in a
liberal manner dependent on context, often referring only to successful or successful-
adjacent iterations. We strive to make this clear as we go along.
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3.1 Describing the L-HS Algorithm

3.1.1 Constructing the Subspace

In pursuing true iterations with high probability (Definition 2.3), the use of the current
approximate gradient—which we define shortly—plays the leading role. However,
taking inspiration from subspace ideas seen in existing deterministic as well as random
subspace algorithms (e.g. in [13, 18]), we also consider the use of a fixed-size history
of past gradients and iterate update directions, along with randomised directions.1

We use P̃k ∈ Rn×mp to denote a “raw” subspace matrix obtained from assembling
directions of interest into its columns. In L-HS, the subspace basis matrix itself, Pk, is
invariably obtained from P̃k by either column-wise normalisation or orthogonalisation.

3.1.1.1 Including Projected Gradients in the Subspace

As we have said, one of the main draws of L-HS compared to deterministic subspace
methods such as L-CommDir [13] is that at no point is the full-dimensional gradient
required. Rather, given a tall sketching matrix Sk ∈ Rn×ms drawn from a suitable
random ensemble, the algorithm requires only what we call an approximate gradient

gk = Skĝk ∈ Rn, (3.1)

where
ĝk = S⊤

k ∇fk ∈ Rms , ms < n, (3.2)

is the projected gradient.
For the sake of example, consider the case where Sk is a (full-rank) sampling

matrix, that is, where each column is a distinct canonical basis vector. Then Sk is
orthonormal and gk above is the orthogonal projection of the gradient to a coordinate-
aligned lower-dimensional subspace. This idea is used in popular block-coordinate
descent methods [6–9]. Notably, ĝk ∈ Rms is then a vector with entries equal to a
subset of the entries of ∇fk.

In fact, it is always the case that ĝk is a vector whose entries consist of ms (scaled)
directional derivatives of f at xk. In our discussions, this motivates us to account for
problem evaluation costs in terms of access to a directional derivative oracle. And

1Storing a fixed-size history of past approximate gradient and iterate step vectors is what
earns L-HS its “limited-memory” qualifier. This is common practice in optimisation, as seen in the
algorithm names L-CommDir [13], L-BFGS, and L-SR1 [4, sec. 9], to name but a few.
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while we regard this as a black box—the focus being on the fact that only reduced-
dimension derivative information is used—in practice this could correspond to the use
of automatic differentiation [20] or, approximately, of finite differences [4, sec. 7.1].

3.1.1.2 Including Iterate Steps in the Subspace

Other natural directions to consider in constructing lower-dimensional subspaces are
those of (successful) past iterate updates. For instance, a simple restatement of
[3, Lemma 2.3], concerning common quasi-Newton methods, is that the kth iterate
update lies in the subspace ⟨s0, . . . , sk−1,∇fk⟩.

Moreover, simple examples taken from [10, 23], as well as nonlinear conjugate
gradient methods, have iterate updates satisfying sk ∈ ⟨∇fk, sk−1⟩. These update
terms are sometimes known as “momentum” directions—a name which comes about
by analogy with the concept from classical mechanics, since each iterate update has
some weight in the following update [23].

In the case of Algorithm 2.2 there is generally no simple relation between gradient
and update vectors, so it may be sensible to include multiple past update vectors along
multiple past approximate gradients. This is also seen, for instance, in L-CommDir
[13] (although there the full-dimensional gradient vector is used).

3.1.1.3 Including Random Directions in the Subspace

Motivated by the encouraging results that past research has had in using randomly
generated subspaces to reduce subproblem dimension (e.g. [8, 14–19]), we propose
the inclusion of random directions in constructing each subspace. In L-HS we achieve
this by drawing Gaussian vectors, where each entry is independently sampled from an
identical zero-mean Gaussian distribution. Such vectors have uniformly distributed
directions in Rn—that is, Gaussian vectors are isotropic.2 Intuitively, they can help
to “shake up” the subspace information in an unbiased manner.

As we have already alluded to, in L-HS we obtain Pk from P̃k either by normalising
each of its columns or by orthogonalising it. It therefore follows that the scale of the
columns in P̃k is irrelevant, which is why the variance of the Gaussian distribution
used here is irrelevant. It makes sense, however, to briefly comment on the rank

2This can be seen by the invariance of the Gaussian matrix distribution under orthogonal
transformations—that is, if G is a Gaussian matrix (a matrix of identically distributed Gaussian
vectors) and A and B are orthogonal matrices independent of G and with appropriate dimensions,
then AG and BG are also Gaussian matrices [24, sec. 14.1.1].
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of a matrix obtained from another by appending Gaussian columns, since this is of
relevance to Assumption 2.6.

Lemma 3.1. Suppose A ∈ Rn×m1, where n > m1, has full (column) rank. Suppose
also that G ∈ Rn×m2, with n > m2 and m1 +m2 ≤ n, is a Gaussian matrix (a matrix
with identically distributed Gaussian vectors). Then the matrix formed from these
two, [A,B], has full rank with probability 1.

Proof. Denote the columns of G with {g1, . . . , gm2}. Denote with Ej the event that
the matrix [A, g1, . . . , gj] has full rank, with j ∈ {1, . . . ,m2}. The superscript c
denotes an event’s complement.

We use an inductive argument. From the rank of A and [25, Proposition 7.1], we
have that the matrix [A, g1] has full rank with probability 1. Now take the inductive
hypothesis to be that Pr {Ej} = 1 for some j ∈ {1, . . . ,m2 − 1}.

We can then, for j ∈ {1, . . . ,m2 − 1}, write

Pr {Ej+1} = Pr {Ej+1 | Ej}Pr {Ej}+ Pr
{
Ej+1 | Ec

j

}
Pr

{
Ec
j

}
= 1, (3.3)

where the conclusion follows from the inductive hypothesis and from [25, Proposition
7.1]. This concludes the proof. ■

3.1.1.4 Raw Subspace Matrix P̃k Construction Schemes

We are now in a position to propose two P̃k construction schemes. The first option
is to use p > 0 past approximate gradients, so that

P̃k =
[
gk · · · gk−p+1 Gk

]
∈ Rn×(p+r), (3.4)

where Gk ∈ Rn×r is a Gaussian matrix (r = 0 is acceptable). The second option is to
also use p past iterate updates, so that

P̃k =
[
gk sk−1 · · · gk−p+1 sk−p Gk

]
∈ Rn×(2p+r). (3.5)

We then obtain Pk by either normalising each column of Pk or by generating an
orthonormal basis for the subspace range

{
P̃k

}
, which we now discuss more carefully.

3.1.1.5 Constructing the Subspace Basis Matrix Pk From P̃k

In Chapter 2 we discussed a unified definition of a true iteration—Definition 2.3—
suitable for search directions arising out of linear as well as convex quadratic local
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models. We also demonstrated, in Lemma 2.8, how this could be achieved for Pk in
practice by normalising each column of a matrix P̃k satisfying the conditions of
Definition 2.2.

Further to this, here we propose another practical method geared toward Defini-
tion 2.3. After generating a raw subspace matrix P̃k—using approximate gradients,
previous updates, and/or random directions—we obtain Pk from the Q factor of a
QR factorisation of P̃k. Thus Pk is orthonormal, that is, P⊤

k Pk = Imp .
Clearly this method satisfies Definition 2.3 under the same conditions as does the

column-wise normalisation method. However, for one, numerical experience shows
this to enable improved performance (Chapter 4). Moreover, this is in some sense
a more natural way to express the subspace, making some notions regarding the
reduced-dimensional subproblem (2.8) closely analogous to full-space counterparts.

For one, with this method the SD-like search direction in (2.9) is simply the
orthogonal projection of the gradient to the subspace spanned by Pk. Furthermore,
the direction arising out of a convex quadratic local model (given by (2.19)) with
Bk = In is −PkP⊤

k ∇fk—the same as when using a linear model. This “match” is
also seen in full-space line search methods when a local quadratic model’s Bk is the
identity matrix.

As an additional benefit, note that this method guarantees that Pk has full rank,
as required of second-order L-HS variants by Assumption 2.6.

3.1.2 Specifying ConstructSubspace and
ComputeDirection Functions

In fitting L-HS under Algorithm 2.2, it remains for us to fully specify the functions
ConstructSubspace and ComputeDirection.

Informed by the discussions in Section 3.1.1, we describe ConstructSubspace
straight away in Algorithm 3.1. We only gloss over the first few calls to it in a given
solver run—while not enough problem information (past approximate gradients and
update steps) has been accumulated, Gaussian directions are used to fill in as many
columns as is required to make up mp directions in Pk.

Before describing ComputeDirection, we make a small detour to discuss a com-
putationally efficient way to ensure that Assumption 2.6 holds in second-order L-HS
variants using Hessian information.
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Algorithm 3.1 ConstructSubspace in Algorithm 2.2 for L-HS.
Input: Current “raw” and processed subspace matrices, P̃k and Pk respectively.
Also possibly the “last” iterate update sk−1.
Initialisation: (At the start of Algorithm 2.2) Choose p ∈ N+ (number of
problem-based directions) and r ∈ N (number of Gaussian directions) such that
n ≥ mp := p + r. Choose whether to process P̃k using orthogonalisation or just
column-wise normalisation.

1: Replace r right-most columns of current P̃k with r new randomised columns
2: Generate sketching matrix Sk ∈ Rn×ms

3: Compute projected gradient ĝk ← S⊤
k ∇fk

4: Compute approximate gradient gk ← Skĝk
5: Replace left-most column of P̃k with gk
6: if following successful iteration then ▷ Line 8 of Algorithm 2.2.
7: if using iterate update directions then ▷ (3.5).
8: Replace second column from the left in P̃k with sk−1

9: end if
10: end if
11: Process P̃k, by orthogonalisation or by column-wise normalisation, to rewrite Pk
12: return new subspace matrix Pk

3.1.2.1 Ensuring Bounds on the Spectrum of the Curvature Matrix Bk

Recall Assumption 2.6, concerning the matrix Bk, and which we used in our analysis of
second-order methods. Thanks to the following lemma, we can ensure those conditions
by using Hessian information along with a regularisation triggered by the smallest
eigenvalue of P⊤

k ∇2fkPk ∈ Rmp×mp . In this way we can avoid computing the smallest
eigenvalue of the (much) larger Hessian matrix itself.

Lemma 3.2. In Algorithm 2.2, suppose that f satisfies Assumption 2.1 and that
Pk ∈ Rn×mp has full rank and columns with unit Euclidian norm for all k ∈ N. If
B̂k is computed as per Algorithm 3.2 (second-order variant), this is equivalent to
Assumption 2.6 holding with M2 = λreg/mp and M1 = λreg + Lmp (where λreg is
defined in Algorithm 3.2).

Proof. When triggered, the regularisation procedure of Algorithm 3.2 is equivalent
to regularising the Hessian matrix itself, since

(
P⊤
k ∇2fkPk

)
+ (λreg − λmin) Imp =

P⊤
k

(
∇2fk + (λreg − λmin) In

)
Pk [13, p. 13]. With this in mind, let Bk ∈ Sn denote the

matrix obtained from ∇2fk after having regularised it (or not) with λreg − λmin, as
described in Algorithm 3.2.

Thus, for all p̂k ∈ Rmp , we have that (Pkp̂k)
⊤Bk (Pkp̂k) = p̂⊤k

(
P⊤
k BkPk

)
p̂k ≥

λreg ∥p̂k∥22. On the other hand ∥Pk∥22 ≤ ∥Pk∥
2
F = mp, so ∥Pkp̂k∥22 ≤ mp ∥p̂k∥22 =⇒
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∥p̂k∥22 ≥ ∥Pkp̂k∥
2
2 /mp. This bound and the one in the previous sentence give the

M2-related bound in Assumption 2.6.
Now, since ∇f is L-Lipschitz-continuous, LIn ⪰ ∇2f(x) ⪰ −LIn for all x ∈ Rn.

Therefore λmin = min∥y∥2=1 (Pky)
⊤∇2fk (Pky) ≥ −Lmp; the last inequality follows

from ∥Pky∥22 ≤ ∥Pk∥
2
2 ≤ mp for an arbitrary unit vector y ∈ Rmp and with ∥Pk∥2F =

mp. This then implies ∇2fk + (λreg − λmin) In ⪯ (λreg + Lmp) In, as required. ■

Algorithm 3.2 ComputeDirection in Algorithm 2.2 for L-HS.
Input: Current subspace matrix Pk ∈ Rn×mp .
Initialisation: (At the start of Algorithm 2.2) Choose between first- and second-
order local models. If using second-order models, choose a constant λreg > 0.

1: if using first-order local models then
2: ĝk ← P⊤

k ∇fk ▷ Projected gradient.
3: pk ← −Pkĝk
4: else ▷ Using second-order local models.
5: Compute3“projected” Hessian P⊤

k

(
∇2fkPk

)
∈ Rmp×mp

6: Compute λmin, the smallest eigenvalue of P⊤
k ∇2fkPk

7: if λmin < λreg then
8: B̂k ←

(
P⊤
k ∇2fkPk

)
+ (λreg − λmin) Imp ▷ Regularise.

9: else
10: B̂k ← P⊤

k ∇2fkPk
11: end if
12: Solve B̂kp̂k = −P⊤

k ∇fk ▷ Symmetric positive-definite mp ×mp system.
13: pk ← Pkp̂k
14: end if
15: return search direction pk

3.1.3 Summary

Finally, we can assemble L-HS easily using Algorithms 2.2, 3.1, and 3.2, which we do
in Algorithm 3.3.

To shorten terminology, we use L-HS-SD (“SD” for “steepest descent”) and L-HS-N
(“N” for Newton) to refer to the first- and second-order L-HS classes described.

3The parentheses in this expression serve only to allude to the computation of ∇2fkPk via mp

Hessian actions, similarly to what we do computing ĝk = S⊤
k ∇fk, only then followed by gk = Skĝk.
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Algorithm 3.3 L-HS: Limited-memory Hybrid Subspace method for (1.1).
Initialisation: Initialise as in Algorithm 2.2. Moreover, let the functions
ConstructSubspace and ComputeDirection be defined by Algorithm 3.1 and
Algorithm 3.2 respectively (each also has its own initialisation procedure).

1: Run Algorithm 2.2

3.2 L-HS in the Theory Framework of Chapter 2
Having fully described first- and second-order L-HS classes, L-HS-SD and L-HS-N
respectively, we can now demonstrate how they fit into the theory that we discussed
in Chapter 2. We begin by describing the choice of two suitable gradient sketching
matrix ensembles.

3.2.1 Choice of Gradient Sketching Matrix Ensemble

A crucial aspect of L-HS is to make use of (randomly) projected gradient information
to construct subspaces that enable good performance. Our “unified” Definition 2.3
hints at a familiar way in which we may view this issue: it is desirable to have the
approximate gradient gk uniformly bounded away from orthogonal to ∇fk with high
probability.

We denote sketching matrices by Sk ∈ Rn×ms . Given gk = Sk
(
S⊤
k ∇fk

)
, we know

from Lemma 2.1 that having gk bounded away from orthogonal to ∇fk is ensured if
Sk satisfies the conditions that Definition 2.1 imposes on Pk.

Fortunately, previous work has been done demonstrating random matrix ensem-
bles that can satisfy these requirements with high probability—see [16, secs. 2 and
4.4.2]. Lemma 3.3 is useful in demonstrating this, and in its statement we recall these
two key conditions.

Lemma 3.3 (Adapted from [18, Lemma 3.2]). Let an arbitrary ∇fk ∈ Rn be fixed.
Suppose a random matrix Sk ∈ Rn×ms is drawn from an ensemble such that it satisfies

∥∥S⊤
k ∇fk

∥∥
2
≥ ϵS ∥∇fk∥2 (3.6)

for some ϵS ∈ (0, 1) with probability at least 1− δ(1)S , and satisfies

∥Sk∥2 ≤ Smax (3.7)

for some Smax > 0 with probability at least 1− δ(2)S . If δ(1)S + δ
(2)
S < 1, then Sk satisfies
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both conditions simultaneously with probability at least 1−
(
δ
(1)
S + δ

(2)
S

)
.

3.2.1.1 Scaled Gaussian Matrices

It is shown in [16, sec. 4.4.2] that a suitable option for our purposes is to draw Sk

with entries from an appropriately scaled Gaussian distribution.

Definition 3.1 (Scaled Gaussian matrix [18, Def. 3.2]). Sk ∈ Rn×ms is a scaled
Gaussian matrix if its entries are independently drawn from N (0, 1/ms).

The following lemmas, also from [16, sec. 4.4.2], concretise the conditions to
ensure that gk is bounded away from orthogonal to the actual gradient.

Lemma 3.4 ([16, Lemma 4.4.4]). Let Sk ∈ Rn×ms be a scaled Gaussian matrix, and
fix an arbitrary ∇fk ∈ Rn. Then (3.6) is satisfied with any ϵS ∈ (0, 1) with probability
at least 1− δ(1)S , where δ(1)S = exp

(
−(1− ϵ2S)

2
ms/4

)
.

Lemma 3.5 ([16, Lemma 4.4.6]). Let Sk ∈ Rn×ms be a scaled Gaussian matrix. Then
it satisfies (3.7) with probability at least 1− δ(2)S and with

Smax = 1 +

√
n

ms

+

√√√√2 log
(
1/δ

(2)
S

)
ms

. (3.8)

Remark 3.1. Note that we can choose δ(2)S as small as we would like provided that
Smax is allowed to be large enough.4 On the other hand, the smallness of δ(1)S is
limited by the sketch dimension ms; even in the limit as we let ϵS → 0, we have
δ
(1)
S → exp (−ms/4). Recalling Lemma 3.3 and the fact that Theorem 2.4.1 requires

a (conditional) probability of iteration truthfulness of at least 3/4—note (2.29)—this
implies that, for the theory to be applicable, there is the minimum requirement that
exp (−ms/4) < 1/4 =⇒ ms ≥ 6.

3.2.1.2 Haar-Distributed Orthonormal Matrices

The Haar measure is the uniform measure on orthonormal matrices [26, sec. 4.6].
Taking into account our previous discussions, in Section 3.1.1.5, regarding orthog-
onalisation of subspace basis matrices, we may also wish to use matrices from this
ensemble to project gradient information.

4Of course, shrinking δ
(2)
S has implications on the constants of proportionality in our worst-case

global complexity bounds; see (3.9) and (3.11) in Corollaries 3.1 and 3.2 respectively.
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In order to generate Haar-distributed orthonormal matrices, [27, sec. 5] proposes
a simple method based on computing a “constrained” QR factorisation of a Gaussian
matrix. We can use this and previous results to show that this ensemble inherits its
suitability for our purposes from that of scaled Gaussian matrices.

Lemma 3.6. (In the following, tildes are used to distinguish constants playing similar
roles for a matrix Sk (no tilde) and S̃k (with a tilde).)

Let Sk ∈ Rn×ms be a Haar-distributed orthonormal matrix. Fix constants ϵ̃S ∈
(0, 1) and S̃max > 0 such that a scaled Gaussian matrix S̃k with the same dimensions
satisfies simultaneously both conditions of Lemma 3.3 with probability at least µ ∈
(0, 1). Then, for arbitrary ∇fk ∈ Rn, Sk satisfies the conditions of Lemma 3.3 with
Smax = 1 and ϵS = ϵ̃S/

(√
msS̃max

)
with probability at least µ.

Proof. The proof is most easily followed through the subset relations of Figure 2.1,
replacing Pk with Sk (and so on in a natural manner) in the lemmas and equations
that we refer to.

Our assumptions imply that S̃k has a probability of at least µ of satisfying
the conditions of Definition 2.1. Such a success, in turn, implies the satisfaction
of (2.18) with ˜cosmin = ϵ̃S/

(√
msS̃max

)
(Lemma 2.6). Since Sk is an orthonor-

mal basis matrix for S̃k, it is guaranteed in turn to fall under Definition 2.3 with
cosmin = ϵ̃S/

(√
msS̃max

)
and Smax = 1, which implies that it also falls under Defini-

tion 2.1 with ϵS = ϵ̃S/
(√

msS̃max

)
(Lemma 2.7) and Smax = 1. ■

3.2.2 L-HS Corollaries of Theorem 2.4.1

We now show how our methods fit into the theory of Chapter 2 by presenting Corol-
laries 3.1 and 3.2—consequences of the principal convergence/complexity result, The-
orem 2.4.1, applied to L-HS using scaled Gaussian sketching matrices.

Corollary 3.1 (Convergence/complexity of L-HS-SD variants). Let a variant of
L-HS-SD be run with #try = 1, p ≥ 1, and with sketching matrices Sk ∈ Rn×ms

drawn randomly as scaled Gaussians. If Pk is obtained from P̃k by orthogonalisation,
let Pmax = 1; else—if column-wise normalisation is used—let Pmax =

√
mp and as-

sume that Pk has no zero columns for all k ∈ N. Now let δ(2)S , δ1, and ϵS be constants
in (0, 1) such that, by defining δS = exp

(
− (1− ϵ2S)

2
ms/4

)
+δ

(2)
S , we have that (2.29)

and (2.32) hold.
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Then Theorem 2.4.1 is applicable with

h(ϵ, αk) =
βϵ3S
Pmax

[
1 +

√
n

ms

+

√
2ms

−1 log
(
1/δ

(2)
S

)]−3

αkϵ
2. (3.9)

Therefore, if this L-HS-SD variant runs for N iterations where N satisfies (2.33),
the convergence probability bound (2.34) holds.

Proof. Since the aforementioned algorithm is a (first-order) variant of L-HS with
#try = 1, it is a particular case of Algorithm 2.2 for which Theorem 2.4.1 is applica-
ble.

Now, Assumption 2.2 is ensured by the use of Definition 2.3 (“unified”) of true
iterations for constants cosmin ∈ (0, 1), Pmax as stated, and ϵP = 1.5

For the purpose of having a direction in Pk whose cosine with ∇fk is larger (in
absolute) than cosmin with high probability, we “rely” solely on the current approx-
imate gradient gk. Then, by Lemma 2.1, a true iteration occurs when the scaled
Gaussian matrix Sk satisfies the conditions (3.6) and (3.7) simultaneously, for fixed
constants ϵS ∈ (0, 1) and Smax > 0, with the relation cosmin = ϵS/Smax (arising from
Lemma 2.1).

Now consider δS; as stated in Assumption 2.2, the (conditional) probability of a
true iteration is bounded below by 1− δS, and our definition of δS above comes from
applying Lemmas 3.3 to 3.5 with the aforementioned constants ϵS and Smax.

It remains only to determine h(ϵ, αk). We must first adapt (2.17) to our present
use of the “unified” definition of a true iteration. By applying Lemma 2.7, one can
easily show that it becomes

h(ϵ, αk) =
βϵ3P cos3min

Pmax

αkϵ
2. (3.10)

Now we put ϵP = 1 and cosmin = ϵS/Smax into (3.10). Further, we substitute Smax as
per (3.8). We thus arrive at h(ϵ, αk) as given in (3.9) above. ■

Corollary 3.2 (Convergence/complexity of second-order L-HS variants). Let a second-
order variant of L-HS be run with #try = 1 and p ≥ 1, such that Assumption 2.6
holds with constants M1 ≥ M2 > 0, and with sketching matrices Sk ∈ Rn×ms drawn

5Recall that ϵP is, in Definition 2.3, a lower bound on the Euclidian norm of all columns of Pk.
In L-HS, whether using column-wise normalisation (provided none of the columns in P̃k are zero) or
orthogonalisation, this clearly holds with ϵP = 1.
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randomly as scaled Gaussians.6 Let δ(2)S , δ1, and ϵS be constants in (0, 1) such that,
by defining δS = exp

(
− (1− ϵ2S)

2
ms/4

)
+ δ

(2)
S , we have that (2.29) and (2.32) hold.

Then Theorem 2.4.1 is applicable with

h(ϵ, αk) =
βM2ϵ

2
S

M2
1

[
1 +

√
n

ms

+

√
2ms

−1 log
(
1/δ

(2)
S

)]−2

αkϵ
2. (3.11)

Therefore, if this L-HS variant runs for N iterations where N satisfies (2.33), the
convergence probability bound (2.34) holds.

Proof. The proof is very closely analogous to that of Corollary 3.1, so we proceed to
describe only the differing aspects between them. The aforementioned algorithm is a
second-order variant of L-HS satisfying the conditions of Corollary 3.1 and, addition-
ally, Assumption 2.6. Therefore Theorem 2.4.1 is applicable.

Assumption 2.2 can this time be ensured by the use of Definition 2.2 (Newton-like)
of true iterations, for a constant cosmin ∈ (0, 1). We determine h(ϵ, αk) by putting
cosmin = ϵS/Smax into (2.22). Further, we substitute Smax as per (3.8). This completes
the proof. ■

Remark 3.2. From (2.33), (3.9), and (3.11), note that N grows asymptotically (as
n → ∞) as O

(
(n/ms)

3/2ϵ−2
)

and as O ((n/ms) ϵ
−2) for convergence in first- and

second-order L-HS variants respectively. In this sense, the latter matches results such
as [18, Theorem 4.1] and [18, Theorem 4.4], also obtained using scaled Gaussian
sketching matrices.

By applying Lemma 3.6, we could similarly obtain complexity bounds with the
use of Haar-distributed orthonormal sketching matrices. It suffices to follow the same
steps as above, but with substitutions put in place for ϵS and Smax relative to the
corresponding scaled Gaussian constants (denoted by ϵ̃S and S̃max in Lemma 3.6).

Moreover, one could analogously—albeit with more substantive modifications—
analyse similar random subspace methods, that is, where the subspace matrix Pk is
purely random (p = 0 in (3.4)). We omit this for brevity and because this analysis
would closely resemble that of existing literature on random subspace methods.7

6N.B.: Here we do not refer to L-HS-N because this result applies broadly to L-HS variants using
local quadratic models satisfying the relevant assumptions; L-HS-N is a further particularisation of
this, which this result does not require.

7Namely we could define, for both first- and second-order variants, true iterations by Defini-
tion 2.1. Then the high-probability results we have stated for scaled Gaussian and Haar-distributed
orthonormal matrices could be easily applied, and the analysis on the whole would very closely
resemble the proofs of [18, Theorem 4.1] and [18, Theorem 4.4].
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3.2.3 Summary

In this section we have demonstrated that, provided #try = 1, L-HS “inherits” the
theory presented in Chapter 2. We proposed the use of two sketching matrix en-
sembles (scaled Gaussian and Haar-distributed orthonormal matrices), and presented
global convergence/complexity corollaries of Theorem 2.4.1 in the context of L-HS.

3.3 L-HS Costs per Iteration
As far as L-HS is concerned, one obvious facet of analysis remains to be carried out:
the costs per iteration, whether in numerical linear algebra operations or in problem
(derivative) information. We address these in detail in Sections 3.3.1 and 3.3.2.

3.3.1 Numerical Linear Algebra Costs

The numerical linear algebra (NLA) costs associated with L-HS depend on the choice
of algorithm attributes. These are: first- versus second-order local models; use of
P̃k orthogonalisation versus column-wise normalisation; use of scaled Gaussian versus
Haar-distributed orthonormal sketching matrices. We discuss these issues in sequence.

3.3.1.1 First- Versus Second-Order Variants

The choice between linear and (strictly) convex quadratic local models affects how
the search direction pk is computed.

Using linear models, this is done simply by pk = −Pk
(
P⊤
k ∇fk

)
, which costs

O (mpn) flops.
Using quadratic models comes about with additional expense. We must ensure

Assumption 2.6, which, owing to Lemma 3.2, can be done in L-HS by regularising
just the small matrix P⊤

k BkPk. This entails the computation of its eigenvalues, which
can be done in O

(
m3
p

)
flops [24, sec. 10].

We must then form the linear system
(
P⊤
k BkPk

)
p̂k = −P⊤

k ∇fk, which costs
O
(
mpn

2 +m2
pn
)

flops. Under Assumption 2.6,8 this is a determined mp×mp system,
which can be solved with classical methods in O

(
m3
p

)
flops. Computing pk = Pkp̂k is

done at a smaller cost of O (mpn) flops.
8In the author’s practical experience numerical rank deficiency of Pk was never observed (although

admittedly most of this experience made use of orthonormal Pk). We also recall our discussion in
Section 3.1.1.3 regarding the effect of the inclusion of Gaussian columns in Pk on its rank.
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3.3.1.2 Orthogonalised Versus Column-Normalised Subspace Matrix Pk

In the case where Pk is obtained from P̃k by column-wise normalisation, the choice
of subspace directions matters due to the recycled effort in having already normalised
some of the columns that remain after a subspace update. The introduction of a
new approximate gradient (and possibly a new update vector) entails O (n) flops in
normalisation. The introduction of r new randomised columns requires O (rn) flops.
Accounting for cases including r = 0, we abuse notation slightly to represent these
costs as O (n (r + 1)) flops.

In the case where Pk is orthonormal, the choice of directions defining the sub-
space matters due to the possible numerical efficiency in updating the QR factorisa-
tion of matrices derived from deleting/appending columns from/to a matrix whose
factorisation we already have [28, sec. 6.5.2] (as opposed to recomputing it anew).

Recall (3.4) and (3.5); each time P̃k is updated following a successful iteration:
the Gaussian columns (submatrix Gk) are deleted, along with the most recent stored
approximate gradient gk and, if applicable, iterate update sk−1; a new set of r Gaus-
sian columns is drawn and appended to the right; a new approximate gradient and, if
applicable, iterate update are appended to the left. When P̃k is updated following an
unsuccessful iteration due to the backtracking limit #try being hit, the only difference
is that nothing is done about stored iterate updates, but this has little effect here.

If we already have the QR factorisation of P̃k, we also have the factorisation of
the matrix obtained from it by deleting however many right-most rows (this follows
from the R factor being upper-triangular).

What remains then is to update the factorisation due to the (re-)introduction of
either r + 1 or r + 2 columns.9 Let a ∈ {r + 1, r + 2} denote the number of columns
to be appended at such an update. Using [28, sec. 6.5.2] we deduce that this update
can be carried out in

∑mp

j=mp−a+1 jn = an (mp − (a− 1)/2) flops.
As one considers problems of increasing ambient dimension n, this is especially

advantageous (compared to recomputing the factorisation in full each time) when
a = O(1); for instance, if r = 0 or if the number of Gaussian directions in P̃k is
set to a constant independent of n. On the other hand, if r = O(mp) this cost is
asymptotically the same as that of the naive approach.

Note that we can implicitly generate a Haar-orthonormal matrix to apply it to vec-
tors without having to incur the costs of a QR factorisation as usual. Unfortunately,

9If using (3.4), we append r + 1 columns here, regardless of whether the Pk update follows a
successful or an unsuccessful iteration. If using (3.5), we append r + 1 after unsuccessful iterations
and r + 2 after successful ones. In any case, this distinction is negligible here.
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this “trick” fails to materialise in L-HS when generating Haar-orthonormal sketch-
ing matrices, due to our interpretation of ĝk = S⊤

k ∇fk as ms directional derivatives.
Since it can, in any case, be used in random subspace methods, we describe this trick
in Appendix A.1.

3.3.1.3 Scaled Gaussian Versus Haar-Distributed Orthonormal Gradient
Sketching Matrix Sk

The generation of Gaussian entries when using scaled Gaussian sketching matrices
entails a small, fixed arithmetic cost per entry, so such a sketching matrix takes
O (nms) flops to generate.

In generating a Haar-distributed orthonormal matrix explicitly, we resort to the
QR factorisation of a Gaussian matrix [27, sec. 5]. This has the costs of an ordinary
QR factorisation of Sk ∈ Rn×ms , which is O (nm2

s) flops.

3.3.2 Derivative Evaluation Costs

We now move to discuss one of the main motivations of L-HS: the use of incomplete
objective gradient information. As we have mentioned, our elementary unit of mea-
surement of derivative information cost is the directional derivative, that is, an inner
product v⊤∇fk for arbitrary v, xk ∈ Rn.

Note that in Appendix A.2 we discuss these costs in methods where the subspace
matrix Pk is entirely randomised, which is useful here because we use such methods
in numerical tests in Chapter 4.

3.3.2.1 Typical L-HS Variants

We first consider “typical” L-HS variants, that is, where neither mp nor ms are equal
to the ambient dimension n.

Derivative costs are incurred in L-HS exactly whenever the subspace matrix Pk is
updated, but an important distinction to make is whether this follows a successful
iteration or an unsuccessful iteration.

Now, consider the case where a successful iteration has just occurred and the
iterate has just been updated. The matrix Pk ∈ Rn×mp is to be updated, which
requires computing a new approximate gradient gk = Skĝk, where Sk ∈ Rn×ms is a
sketching matrix. This entails ms directional derivatives to compute ĝk = S⊤

k ∇fk.
Having updated Pk—with a new approximate gradient but also possibly a new

iterate update vector and new randomised columns—we must then compute P⊤
k ∇fk.
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We note that here the directional derivative along the approximate gradient gk is
“recycled”, since ∇fk⊤gk = ∥ĝk∥22. This therefore entails mp − 1 derivatives. This is
all that is needed following successful iterations in first-order/L-HS-SD variants.

In L-HS-N variants, the use of objective curvature information entails significant
additional derivative costs. We choose to measure them by an approach based on
finite differences of ∇f [4, Eq. (7.20)], taking a gradient evaluation therein to be
equivalent to n directional derivative evaluations. Following a successful iteration,
this results in ∇2fkPk costing (mp + 1)n directional derivatives.

Now consider that we are updating Pk following an unsuccessful iteration (be-
cause the backtracking limit #try has been reached). Again, ms derivatives are
required in evaluating a new approximate gradient gk. However, when computing
P⊤
k ∇fk we now recycle all derivatives except for the ones along the r newly drawn

random directions; this is because each of the past stored approximate gradients and
iterate updates is unchanged. So P⊤

k ∇fk now entails just r derivatives, which is again
sufficient in first-order/L-HS-SD variants.

In L-HS-N variants, ∇2fkPk now requires recomputing the actions associated with
newly drawn random directions, along with the action along the direction of the
newly determined approximate gradient direction. This entails (1 + r)n directional
derivative evaluations.10

3.3.2.2 Edge Cases

We now consider atypical edge cases of L-HS, where either mp or ms is equal to n.
Note that in these cases, a step change comes about in practice: simply, when mp = n

we set Pk = In, and when ms = n we set Sk = In (for all k ∈ N).
Briefly, in first-order variants, both cases have the same consequence—turning

L-HS-SD effectively into a deterministic full-space method, whereby Pk updates fol-
lowing successful iterations incur n directional derivatives and those following unsuc-
cessful updates incur 0 derivatives.

In second-order variants, the two cases are different. When ms = n, the first-
order information costs at successful iterations are simply of n directional derivatives,
and the costs associated with Hessian actions go from (mp + 1)n to mpn. At un-
successful updates, the first-order derivative information cost is 0. The other case,

10N.B.: in our thinking of these costs as if in finite differences of ∇f , the case following a successful
iteration would require the computing of the “central” value—∇fk itself, whereas the case following
an unsuccessful iteration would not (owing to this having been done following the latest successful
iteration).
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where mp = n, supersedes this; again the method becomes a full-space one, so that
successful iterations incur (n+ 1)n directional derivatives, and unsuccessful updates
incur 0 derivatives.

3.3.3 Summary

Following our detailed discussions of NLA and derivative costs of L-HS, we summarise
it all in Tables 3.1 and 3.2 respectively. Note that, in Table 3.2, we leave aside the
edge cases discussed with respect to derivative costs.

Note that we use RS to refer to random subspace analogues of L-HS. To this, we
append suffixes -SD and -N playing the same role as for L-HS.

Table 3.1: Summary of NLA costs of L-HS variants. Recall the definition of a from
Section 3.3.1.2.

Algorithm Step Variant Attribute Cost (Flops)

Generate sketching
matrix Sk ∈ Rn×ms

Sk scaled Gaussian O (nms)

Sk Haar-orthonormal O (nm2
s)

Compute subspace
matrix Pk ∈ Rn×mp

Pk not orthonormal O (n (r + 1))

Pk orthonormal an (mp − (a− 1)/2)

(RS only) Pk orthonormal O (nmp)

Compute search
direction pk ∈ Rn

First-order O (nmp)

Second-order O (n2mp)

Table 3.2: Summary of (derivative) evaluation costs of considered algorithms. Costs
are incurred immediately after the subspace basis matrix Pk is updated, and depend
on whether this follows a successful or an unsuccessful iteration.

Algorithm
Cost (Directional Derivatives)

(L-HS/RS)-SD (L-HS/RS)-N

Successful Unsuccessful Successful Unsuccessful

L-HS mp +ms − 1 ms + r
mp +ms +
(mp + 1)n

ms + r +
(r + 1)n

RS mp
mp +

(mp + 1)n
mp +mpn
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Chapter 4

Practical L-HS Implementation

So far we have provided a theoretical framework for subspace line search methods
(Chapter 2) and described L-HS, a limited-memory hybrid subspace class of methods
based on it (Chapter 3).

This class can yield a large variety of concrete algorithms depending on the pa-
rameter choices made by the user. In light of this—and having implemented L-HS in
Python [29]—in this chapter we carry out a range of numerical experiments with two
purposes.

The first of these, in Sections 4.2 and 4.4, is to find L-HS parameter choices leading
to algorithms that perform well on relevant test problems—namely, a subset of the
CUTEst problem suite [30] given in Table B.1. Note that throughout, we give priority
to variants’ performance based on derivative evaluation expenditure (see Table 3.2),
leaving aside NLA cost considerations.

The second purpose, in Sections 4.3 and 4.5, is to compare the most promising
L-HS variants to related existing methods on a larger set of CUTEst test problems,
given in Table B.2.

We use abbreviations to refer to variants in plot labels. Importantly, we signal the
construction of P̃k with nomenclature exemplified by L-HS-SD-5.0.15.1 This refers
to an L-HS-SD variant where P̃k has 5% of past approximate gradient directions, 0%
of past iterate updates, and 15% of random directions. These percentages are with
respect to each problem’s ambient dimension, and the ceiling function is used for
rounding where required.2

1Recall that P̃k is the “raw” subspace matrix, assembled from our chosen directions—see (3.4)
and (3.5).

2Obvious alternatives to the ceiling function—such as rounding to the nearest integer or using the
floor function—would work badly. Then we could see, for example, L-HS-SD-10.10.1 misleadingly
have zero random subspace directions in problems with ambient dimension less than 50.
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The exception is the form xd, whereby x represents a fixed number of directions,
independent of ambient dimension—for example, in L-HS-SD-1d.1d.0. Other variant
attributes are labelled explicitly as appropriate for each numerical experiment. These
conventions allow us to convey the important information about each variant assessed
concisely and within the plot labels.

4.1 Experimental Setup
Throughout this chapter we make use of numerical illustrations—applied to (B.1),
a (nonconvex) extended Rosenbrock test function [31] with ambient dimension n =

100—as well as data profiles [32, sec. 5.1]. For all of these, we use “equivalent
gradient evaluations”—directional derivative evaluations divided by the problem’s
ambient dimension—as the horizontal coordinate, and to define solution budgets.

We normalise objective values by defining

f̄(x) =
f(x)− f ∗

f(x0)− f ∗ , (4.1)

where x0 is the initial iterate (part of each problem’s data) and f ∗ is either the
problem’s known global minimiser (in the case of the extended Rosenbrock function)
or the lowest loss value achieved in the problem by any solver. Note that, with the
purpose of finding low values for f ∗, full-space regularised Newton line search methods
were run with generous budgets on all relevant problems to begin with.

Given a problem ⨿, a solver Γ, and an accuracy level ω ∈ (0, 1), we say that ⨿ is
(Γ, ω, z)-solved if solver Γ finds an iterate xk such that f̄(xk) ≤ ω within z equivalent
gradient evaluations. Then, given a set of test problems Q, a data profile is a plot

dΓ,ω(z) =
1

|Q|

∣∣∣⨿ ∈ Q : ⨿ is (Γ, ω, z)-solved
∣∣∣. (4.2)

Since L-HS is stochastic, we run each variant 10 times per test problem and consider
each run to correspond to a distinct element of Q in all profiles.3 Moreover, all data
profiles use ω = 10−2.

Throughout the experiments that follow, whenever an L-HS variant attribute is
left undiscussed, it is assigned a default value as per Table 4.1. These were chosen
through a mixture of numerical experience, heuristics, and reference to resources such

3This data profile methodology for stochastic algorithms is taken from [18, sec. 5.1], while the
use of 10 runs per variant is seen in [32, sec. 5.1].
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as [4, 21].
In particular we point out the use of “c = ∞” (in practice this simply means

that, following any successful iteration, the step size parameter is reset to αmax) and
#try = 200, which fail to satisfy the conditions of our main convergence/complexity
result, Theorem 2.4.1. Note that, while the theory is stated in terms of iterations, we
are interested in problem derivative evaluations, for which these parameter choices are
found to perform better than theory-compliant ones. For instance, setting #try = 1

is inefficient because it forces costly updates to Pk at every single iteration, even if
unsuccessful!

Table 4.1: Default L-HS attribute values (refer to Algorithm 2.2).

L-HS
Attribute Description Default

Value
τ Backtracking factor 0.5
β Armijo condition (2.1) scaling 0.001
c “Forwardtracking” factor is ν = 1/τ c ∞

αmax (L-HS-SD) Maximum step size parameter 100
αmax (L-HS-N) Maximum step size parameter 1

p Initial step size is α0 = αmaxτ
p 1

#try Limit to unsuccessful iterations before updating Pk 200
λreg (L-HS-N) Projected Hessian regularisation parameter 0.01

From all suitable CUTEst problems (twice-continuously differentiable and uncon-
strained) we take those with ambient dimension between 100 and 200, giving us the
73 problems shown in Table B.2. From these we randomly choose 20 name-ambient
dimension pairs, to obtain those shown in Table B.1. We use the latter, smaller subset
for data profiles in seeking good variants (Sections 4.2 and 4.4) and the former, larger
one for benchmarks (Sections 4.3 and 4.5).

4.2 Seeking the Best First-Order L-HS Variants
As we discussed, in this section we aim to find good choices for L-HS-SD variant
attributes mainly through assessments in data profiles of the 20 CUTEst problems in
Table B.1.
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4.2.1 Column-Wise Normalisation or Orthogonalisation of the
Subspace Matrix

We begin our investigations by making the decision of whether it is best to obtain
the subspace basis matrix Pk by orthogonalisation or just column-wise normalisa-
tion of P̃k. The results in Figures 4.1 and 4.2 clearly suggest the consistent use of
orthogonalised Pk, which we use for the remainder of our L-HS-SD numerics.
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Figure 4.1: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
All variants here use Haar-orthonormal sketching matrices.
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Figure 4.2: Five distinct runs per solver variant applied to (B.1) with ambient di-
mension n = 100. All variants here use Haar-orthonormal sketching matrices.
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4.2.2 Scaled Gaussian or Haar-Distributed Orthonormal Sketch-
ing Matrices

We now turn to another binary decision that our previous discussions presented—
whether we ought to take Sk, the gradient sketching matrix in (3.1), to be a scaled
Gaussian matrix (Section 3.2.1.1) or a Haar-orthonormal matrix (Section 3.2.1.2). To
this end we use the results in Figures 4.3 and 4.4.
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Figure 4.3: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
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Figure 4.4: Five distinct runs per solver variant applied to (B.1) with ambient di-
mension n = 100.

It appears that the impact of this choice is larger when the sketch size is large,
as we may have expected—as per the Marchenko-Pastur rule, the scaled Gaussian is
likely to be approximately orthonormal (very well-conditioned) anyway if the sketch
size is small [24, Theorem 14.1]. The results favour the use of Haar-orthonormal
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sketching matrices, which we therefore adopt for the remainder of our L-HS-SD nu-
merical tests.

4.2.3 Gradient Sketch Size

Now we would like to get a sense for a good value of ms relative to each problem’s
ambient dimension. For this we use the results in Figures 4.5 to 4.7.4 Also note
that the solid red plots correspond to a full-space deterministic steepest descent (SD)
method.5
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Figure 4.5: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
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Figure 4.6: Same data profile as in Figure 4.5. Different view.

4Note that we “skip” the ms = 80% case because such a specification would result in a solver
with an expenditure of directional derivatives larger than n per subspace update (recall Table 3.2),
at which point a full-space method can be used.

5This is the natural successor to the other variants considered here, effectively corresponding to
the sketch size ms = 100%.
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Figure 4.7: Five distinct runs per solver variant applied to (B.1) with ambient di-
mension n = 100.

At first, we may have—understandably—associated subspace methods with the
principal benefit of making progress at small evaluation budgets—even under a single
equivalent gradient evaluation—which is indeed a benefit demonstrated in Figure 4.5.
It is striking, then, that L-HS-SD beats its full-space counterpart at high budgets
in Figure 4.6; this hints at the potential for its usefulness against harder problems
requiring higher evaluation budgets to solve.

In Figures C.1 and C.2 we provide similar data profile views to Figures 4.5 and 4.6
but using L-HS-SD-20.0.10 instead; the results are broadly of a similar nature.

The top contenders in sketch size are ms ∈ {5%, 10%, 20%}. Taking into account
performance at low as well as high budgets—using L-HS-SD-10.10.10 as well as
L-HS-SD-20.0.10—we choose to proceed with L-HS-SD using ms = 20%.

4.2.4 Including Momentum Directions in the Subspace Con-
struction

What remains to assess now is the make-up of the subspace construction; that is, the
three integers xx, yy, and zz in our L-HS-SD-xx.yy.zz notation.

We begin by trying to ascertain whether it is worthwhile to include iterate update
directions.6 A wealth of relevant results is shown in Figures 4.8 to 4.11 and C.4
to C.18.

In many of the data profiles presented, variants have very much comparable per-
formance. Insofar as the data profiles presented differ—and keeping in mind that

6Recall that this is what distinguishes the schemes (3.4) and (3.5).
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Figure 4.8: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
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Figure 4.9: Data profile for 20 CUTEst problems, with 10 runs per solver variant.

these are random variables—the takeaways seem to be as follows. The methods
L-HS-SD-1d.0.zz and L-HS-SD-1d.1d.zz are exceptional in that the former per-
forms better than the latter across Figures 4.8, 4.9, and C.4 to C.10. For other vari-
ants in these same figures—where the subspace dimension mp is small—the picture
is muddier, although it tilts slightly in favour of including momentum directions.

In variants with larger subspace dimension (see Figures 4.10, 4.11, and C.11
to C.14, where mp ranges from 5 to 30) we see no such exceptions.7 For the most
part, the effect of including momentum directions is either seemingly negligible or—in

7Note that some care should be taken with variants of high subspace dimension at low evaluation
budgets. For example, L-HS-SD-15.15.0 with ms = 20% expends about half of an equivalent
gradient evaluation per successful iteration. Thus, in a problem with ambient dimension 100, only
by around 8 equivalent gradient evaluations has the solver actually accumulated 15% = 15 past
approximate gradients. Up to that point, the “gaps” in the subspace construction are filled in with
random directions—as we had explained in Section 3.1.2.
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Figure 4.10: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
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Figure 4.11: Data profile for 20 CUTEst problems, with 10 runs per solver variant.

L-HS-SD-7.0.zz, L-HS-SD-10.0.zz, and L-HS-SD-15.0.zz—slightly positive (espe-
cially in Figure 4.11, at low evaluation budgets and where random subspace directions
are included). However, there seems to be a negative impact in including momentum
directions at high evaluation budgets and where random subspace directions are not
included—see Figure C.11, variants L-HS-SD-10.yy.0 and L-HS-SD-15.yy.0.

For a different perspective, in Figures C.15 to C.18 our comparisons use fixed,
moderately large subspace dimensions, and the inclusion of momentum directions
there has a positive effect.

Based on these findings, we choose to include momentum directions in all
subsequent L-HS-SD variants considered except for L-HS-SD-1d.0.zz.
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4.2.5 Including Random Directions in the Subspace Con-
struction

We now attempt to isolate the effects of including varying quantities of random di-
rections in the subspace construction. Relevant results are presented in Figures 4.12
to 4.14 and C.19 to C.27.

We can say that, at higher budgets, L-HS-SD-5.5.zz and L-HS-SD-10.10.zz suf-
fer from the inclusion of a large amount of random directions and seem to benefit the
most from the use of zz = 10 (Figures C.21 and C.23). At lower budgets the inclusion
of more random directions appears to be more beneficial (Figures 4.13 and 4.14). The
case of L-HS-SD-1d.0.zz is, once more, a bit of an exception; using zz = 2 seems to
lead to some of the best results in low as well as high budgets (Figures 4.12 and C.19).
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Figure 4.12: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
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Figure 4.13: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
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Figure 4.14: Data profile for 20 CUTEst problems, with 10 runs per solver variant.

4.3 First-Order Method Benchmarks
We now seek to assess L-HS-SD variants on the set of 73 CUTEst problems listed
in Table B.2, which we do with three views of the same data profile in Figures 4.15
to 4.17.
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Figure 4.15: First-order methods benchmark on 73 CUTEst problems, with 10 runs
per solver variant. All L-HS-SD variants use ms = 20% apart from the one labelled
with ms = 5%.

Aside from some of the most promising L-HS-SD variants we have found in this
chapter, we also assess methods where the subspace matrix Pk is fully random. We
denote these by RS-SD-zz, where zz denotes the subspace dimension as a percentage
of the ambient dimension. In all RS-SD methods considered here, we take Pk as a
Haar-orthonormal random matrix.
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Figure 4.16: Same benchmark as in Figure 4.15. Different view.
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Figure 4.17: Same benchmark as in Figure 4.15. Different view.

We also include L-HS-SD-1d.0.2 using ms = 5%, mainly due to the strong per-
formance achieved with a very small subspace dimension by RS-SD-5. Our having
missed this well-performing L-HS-SD variant in our previous experiments highlights
the heuristic nature of our variant parameter search in Section 4.2.

Overall, it seems that subspace methods with smaller subspace dimensions per-
form better, which is undoubtedly linked to our budgeting by directional derivative
evaluations—variants with very low subspace dimension can make progress with very
little costs per iteration on average. The RS-SD and L-HS-SD methods have roughly
similar performance, which beats the classical steepest descent (SD) method on our
metrics at very low budgets—where the SD method expends too much problem in-
formation to achieve sizeable objective decrease—as well as high budgets—where the
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SD method is liable to get “stuck” in difficult problems, as we had seen in Figure 4.7.

4.4 Seeking the Best Second-Order L-HS Variants
Owing to the high costs of running many sizeable numerical tests with L-HS-N—as
we did for L-HS-SD—we present just a few of the most important numerical studies
in a shortened form in this section.

We address principally the following issues, in the same order as we did for
L-HS-SD in Section 4.2: whether to use orthonormal or simply column-normalised
subspace basis matrices Pk; whether to use scaled Gaussian or Haar-distributed or-
thonormal sketching matrices Sk; what trade-offs occur in performance as we vary
the sketch size ms.

4.4.1 Column-Wise Normalisation or Orthogonalisation of the
Subspace Matrix

Regarding the issue of column-wise normalisation versus orthogonalisation of the
subspace basis matrix, we refer to Figures 4.18 and C.28. In contrast with our findings
for L-HS-SD, whether Pk is orthonormal or not seems to make little difference to the
observed performance. If nothing else, in the interest of simplicity we choose to stick
with the orthonormal option.

0 200 400 600 800 1000 1200

Equivalent gradient evaluations

0.0

0.2

0.4

0.6

0.8

F
ra

ct
io

n
o
f

p
ro

b
le

m
s

so
lv

ed

L-HS-N-10.10.10
Pk orthonormal
ms = 20%

L-HS-N-10.10.10
Pk not orthonormal
ms = 20%

L-HS-N-10.10.10
Pk orthonormal
ms = 60%

L-HS-N-10.10.10
Pk not orthonormal
ms = 60%

Figure 4.18: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
All variants here use Haar-orthonormal sketching matrices. To clarify the similar
colours of two of the plots: the curves are grouped by sketch size.
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4.4.2 Scaled Gaussian or Haar-Distributed Orthonormal Sketch-
ing Matrices

We now address the matter of the sketching matrix ensemble using the results in
Figures 4.19 and C.29. Here the suggested choice is clearer, and once more in favour
of using Haar-orthonormal sketching matrices, which we therefore use for the re-
mainder of this chapter.
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Figure 4.19: Data profile for 20 CUTEst problems, with 10 runs per solver variant.

4.4.3 Gradient Sketch Size

We finally address the issue of the sketch size ms using the results in Figures 4.20
and C.30.
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Figure 4.20: Data profile for 20 CUTEst problems, with 10 runs per solver variant.

Clearly it pays off, by our metrics, to have large ms in L-HS-N—recalling Table 3.2,
we may deduce that this is because the derivative evaluation costs in this algorithm
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originate predominantly from the second-order information used in the form of Hes-
sian actions, whereas the impact of ms is modest by comparison.

We therefore take the question of which sketch size to use in L-HS-N to come
down—to a larger extent than in L-HS-SD—to problem specifics determining the
precise computational and memory costs of computing first- versus second-order ob-
jective derivative information. Recall that we proposed the “equivalent gradient eval-
uations” metric in large part to unify our measurements of problem information used
by each algorithm considered, with little regard for problem/algorithm structure—
partial separability or Hessian sparsity, for example—which could be exploited in
the use of techniques such as automatic differentiation [20, 33]. In practice, taking
these matters into account could tilt the scales in favour of using more first-order
information (increasing ms) or using more second-order information (increasing mp).

In light of these observations, we retain varying sketch size percentages in the
benchmark exercise of Section 4.5.

4.5 Second-Order Method Benchmarks
Much as in Section 4.3, we now assess a mixture of second-order methods on the full
set of 73 CUTEst problems in Table B.2. The results are shown in Figure 4.21. In
particular we note that the variants of L-HS-N with ms = 100% and with zero random
columns in the subspace construction are deterministic and fall within the L-CommDir
method of [13].

As we had seen and discussed in Section 4.4.3, one of the main determinants
of performance seems to be the sketch size ms, with higher values all the way up
to ms = 100% invariably leading to better performance. Unlike in our L-HS-SD
benchmarks, none of the subspace methods can be reasonably said to beat the full-
space counterpart, which is a higher price to pay in performance for the lack of a need
to use full-dimensional derivative information.

These results from L-HS-N lead us to a short discussion of quasi-Newton variants
of L-HS.

4.6 A Note on Quasi-Newton L-HS Variants
Quasi-Newton methods exploit first-order derivative information gathered during an
algorithm run to construct a matrix Bk approximating the true Hessian of the ob-
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Figure 4.21: Benchmark on 73 CUTEst problems, with 10 runs per solver variant.

jective [4, 34]. The most well-known such methods—such as SR1 and BFGS—achieve
this through incremental low-rank updates to Bk which solve a variational problem
(often minimising some norm of the update) and ensure that the secant condition

Bk+1sk = ∇fk+1 −∇fk =: yk (4.3)

is satisfied. Each set {sk, yk} is known as a secant pair.
These methods are appealing in our setting especially because they suggest a

way to improve on the performance of L-HS-SD8 while keeping derivative evalua-
tion costs just as low. Unfortunately, our preliminary results suggest that our naive
adaptation—which we call L-HS-QN—fails to unlock this potential.

We use the L-SR1 method [4, sec. 9.2], and substitute the Bk matrix obtained
thusly for the true Hessian in our description of L-HS-N in Chapter 3. The SR1
method updates the running Bk matrix by symmetric rank-one matrices. Its limited-
memory version L-SR1 accumulates only a limited set of recent secant pairs—in our
illustrations we maintain 10, and use the identity matrix as the running “initial”
Hessian estimate. Our naive adaptation consists of replacing, in all of this, ∇fk by gk
as computed in L-HS—hence the lack of a need for any additional function derivative

8Under certain conditions, classical quasi-Newton methods have superlinear local convergence,
an improvement on the linear convergence of steepest-descent methods [4, Theorems 3.4 and 3.6].
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evaluations compared to L-HS-SD.9

Illustrations on the Rosenbrock problem (B.1) are shown in Figure 4.22. Clearly
there is a step change in performance when ms = 100%—that is, when gk = ∇fk, so
that the Bk updates are obtained from the L-SR1 procedure exactly.10
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Figure 4.22: Five distinct runs per solver variant applied to (B.1) with ambient dimen-
sion n = 100. All variants use Haar-orthonormal sketching matrices and orthonormal
subspace basis matrices.

We conjecture that it is possible to improve on this by adapting typical quasi-
Newton updates to the L-HS setting more carefully than we have done. For instance,
we can pre-multiply (4.3) by Pk+1 and substitute sk = Pkŝk to obtain

(
P⊤
k+1Bk+1Pk

)
ŝk = P⊤

k+1 (∇fk+1 −∇fk) , (4.4)

which is something like a reduced-dimension secant condition. Note how P⊤
k+1Bk+1Pk

is rather similar to P⊤
k+1Bk+1Pk+1 (a “reduced” approximation to the Hessian similar

to what we described for general second-order L-HS methods) especially if, as is the
case in many L-HS variants, Pk+1 and Pk have columns in common.

This note highlights the interest of thinking L-HS-QN through more carefully, but
we leave that work to future research endeavours.

9For brevity, we are avoiding detailed description of a few further implementation details—for
example, the most recent secant pair in L-HS-QN requires overwriting when Pk is updated following
an unsuccessful iteration; moreover, we use the safeguard proposed in [4, sec. 8.2] to skip ill-defined
SR1 updates.

10Note that, as far as derivative evaluation costs are concerned, at this point we may as well have
use a usual full-space quasi-Newton method—our objective here is investigative.
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Chapter 5

Conclusion

5.1 Summary
In this dissertation we were concerned with nonconvex unconstrained optimisation
over decision variable spaces with large ambient dimension. This problem arises in
applications such as training large machine learning models [1] or data assimilation
in weather forecasting [2], to name a few.

Within this setting, the allure of subspace methods is clear: since computing
full-dimensional derivative information may be extremely computationally intensive,
their virtue lies in enabling good progress towards a solution while using only reduced-
dimension information—for instance, subsets of partial derivatives in block-coordinate
methods.

However, existing subspace methods occupy distant ends of a spectrum. They
either require full-dimensional gradient information to construct subspaces—as in
the case of most deterministic methods [3, 10–13]—or fail to exploit any problem
information at all in constructing subspaces—as in the case of random methods [7,
8, 14–19] or deterministic cyclic block-coordinate methods [6].

In this dissertation we aimed to fill this gap by proposing L-HS, a class of limited-
memory hybrid subspace methods. The term “hybrid” alludes to the fact that these
methods sit in between the two existing classes, by using (randomly) projected deriva-
tive information in constructing subspaces.

In Chapter 2, by adapting the theoretical framework of [18], we stated conditions
required of a generic hybrid subspace line search algorithm to secure probabilistic
global worst-case convergence and complexity bounds.

Then, in Chapter 3, we particularised this for L-HS subclasses using first- and
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second-order local models—L-HS-SD and L-HS-N respectively—and showed that they
inherited those theoretical guarantees. Throughout the development of these sub-
classes, we kept in mind the associated numerical linear algebra and problem evalu-
ation costs, aiming to keep them low and, at the end, providing thorough but sum-
marised accounts.

Having implemented these algorithms in Python [29], this enabled us to carry out
extensive numerical tests on problems from the CUTEst suite [30] in Chapter 4. Using
these, we could assess the most worthwhile L-HS parameter choices for performance
against our evaluation cost metrics; show regimes in which L-HS-SD beats its full-space
counterpart; and demonstrate the trade-offs in the use of first- as well as second-order
information by L-HS-N.

5.2 Subsequent Research
Our numerical results, along with the intuition resulting from our theoretically-
minded proofs and discussions, suggest pressing further research questions.

As we discussed in Section 4.6, the development of quasi-Newton Hessian approx-
imation techniques using projected gradient information offers a seemingly feasible as
well as worthwhile investment of future research efforts. This could provide improved
performance without having to expend any more derivative information per iteration
than L-HS-SD, by exploiting projected information a step further than we did here.

Also motivated in part by large problems in machine learning, it would be inter-
esting to merge hybrid subspace ideas with sampling in the data space—that is, when
the objective is a sum of functions over a large data set. Indeed, related work has
already been done for random subspaces [35].

A smaller idea worth pursuing would be to combine the directional derivatives
computed in S⊤

k ∇fk with those computed in P⊤
k ∇fk. While here we limit ourselves to

storing the former, we could combine the directional derivatives of the latter to make
for higher-dimensional past projected gradient information without any additional
evaluation costs.

Yet another idea would be to carry out multiple (successful) inner iterations before
renewing the hybrid subspace—using our terminology, this is of interest mainly when
mp ≪ ms.

In all of these cases, using more computing power to enable extensive tests on
very large problems—and considering algorithm parallelism—would be valuable, since
smaller problems are likely not to reflect structure seen in higher-dimensional spaces.
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Appendix A

L-HS Additional Discussions

A.1 Computing Haar-Orthonormal Matrix-Vector
Products

Here we consider a trick which allows us to implicitly generate Haar-distributed or-
thonormal matrices when all we need is their application to vectors. This does not
include situations where we need to interpret these products as directional derivatives,
which disqualifies this trick from being used in generating Haar-orthonormal gradi-
ent sketching matrices in L-HS. But it does allow for cheaper generation of random
Haar-orthonormal subspace matrices in RS (random subspace) methods.

Consider the process of computing a QR factorisation. In deterministic scenarios
(and as is done for computing Haar-orthonormal matrices in the method of [27]), the
computation of each reflector relies on having multiplied the working matrix by the
previous reflector, so as to reveal the current “target” vector. These multiplications
are costly, but can be avoided here: the key insight is that the columns of the original
matrix—Gaussian vectors—are independently drawn from an orthogonally invariant
distribution. That is, the distribution of each target vector in the working matrix is
unaffected by the application (or not) of each reflector, so we may simply generate
each Gaussian column of the working matrix as we go along, avoiding the costly
matrix multiplications incurred by the method of [27]. This is proposed, for square
matrices, in [36, Theorem 3.3].

For a matrix in Rn×ms , the procedure of [36] implies only the computation of
ms Householder vectors (e.g. by [28, Alg. 5.1.1]), which can be done at a cost of∑ms−1

k=0 3 (n− k) ∼ 3nms − 3m2
s/2 flops. The subsequent left-application of O (ms)

Householder reflectors to a vector in Rn could then be ordinarily computed in O (nms)
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flops, still falling within quadratic complexity in the dimensions of Sk.
This trick can be used in RS methods—we account for this possibility in the cost

summary of Table 3.1. However, in the context of computing gk, L-HS’s motivation
in terms of derivative costs does not allow for these savings in reflector applications.
Owing to our interpretation of ĝk = S⊤

k ∇fk as a set of ms directional derivatives, we
are instead forced to form Sk explicitly, computing gk by

gk = H1 . . . Hms

In×ms

( ∈Rms×n︷ ︸︸ ︷
(Ims×nHms . . . H1)∇fk

) . (A.1)

Forming Sk incurs O (nm2
s +m3

s) flops [28, sec. 5.1.6], while the left-application of
ms reflectors incurs a smaller cost of O (nms) flops [28, sec. 5.1.4].

A.2 Derivative Costs When Pk is Fully Randomised
Consider now the case where Pk is fully randomised. No use is made of approximate
gradients, so the only expense incurred when Pk is updated in first-order variants—
following either a successful iteration or an unsuccessful iteration—is to compute
P⊤
k ∇fk, which plainly costs mp directional derivatives.

In second-order variants, updates to Pk following successful and unsuccessful
iterations are only distinguished—in our finite difference framing—by the need (or
lack thereof) to compute the “central” gradient. This leads to additional costs of
(mp + 1)n and mpn following successful and unsuccessful updates respectively.
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Appendix B

Problems Used in Numerical
Studies and Benchmarks

Multiple distinct definitions of an “extended Rosenbrock test function” can be found
in the literature. We choose to use

f(x) =

n/2∑
i=1

100
(
x2i − x22i−1

)2
+ (1− x2i−1)

2 (B.1)

for some even ambient dimension n. This is proposed, for example, in [31].

Table B.1: CUTEst problems [30] and corresponding ambient dimensions used in
small data profiles for numerical studies.

CUTEst Name Dimension
ARGLINA 200
ARGLINC 100
ARWHEAD 100
BOXPOWER 100
CURLY10 100
DQDRTIC 100
ENGVAL1 100
FLETCBV3 100
LIARWHD 100
LUKSAN15LS 100

CUTEst Name Dimension
LUKSAN22LS 100
MANCINO 100
NCB20B 180
OSCIPATH 100
SBRYBND 100
SCHMVETT 100
SCURLY10 100
SSBRYBND 100
TRIDIA 100
VARDIM 100
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Table B.2: CUTEst problems [30] and corresponding ambient dimensions used in
benchmark exercises.

CUTEst Name Dimension
ARGLINA 100, 200
ARGLINB 100, 200
ARGLINC 100, 200
ARGTRIGLS 100, 200
ARWHEAD 100
BDQRTIC 100
BOXPOWER 100
BOX 100
BROWNAL 100, 200
BROYDN3DLS 100
BROYDNBDLS 100
BRYBND 100
COSINE 100
CURLY10 100
CURLY20 100
CURLY30 100
DIXON3DQ 100
DQDRTIC 100
DQRTIC 100
ENGVAL1 100
EXTROSNB 100
FLETBV3M 100
FLETCBV2 100
FLETCBV3 100
FLETCHBV 100
FLETCHCR 100
GENHUMPS 100
GENROSE 100
INDEFM 100
INDEF 100
LIARWHD 100
LUKSAN11LS 100
LUKSAN15LS 100

CUTEst Name Dimension
LUKSAN16LS 100
LUKSAN17LS 100
LUKSAN21LS 100
LUKSAN22LS 100
MANCINO 100
MOREBV 100
NCB20B 100, 180
NONCVXU2 100
NONCVXUN 100
NONDIA 100
NONDQUAR 100
OSCIGRAD 100
OSCIPATH 100
PENALTY1 100
POWELLSG 100
POWER 100
QUARTC 100
SBRYBND 100
SCHMVETT 100
SCOSINE 100
SCURLY10 100
SCURLY20 100
SCURLY30 100
SENSORS 100
SINQUAD 100
SPARSINE 100
SPARSQUR 100
SSBRYBND 100
SSCOSINE 100
TOINTGSS 100
TQUARTIC 100
TRIDIA 100
VARDIM 100, 200
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Appendix C

Further Numerical Study Figures

C.1 Appendix to Section 4.2.3
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Figure C.1: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
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Figure C.2: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
Different view.
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Figure C.3: Five distinct runs per solver variant applied to (B.1) with ambient di-
mension n = 100.
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C.2 Appendix to Section 4.2.4
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Figure C.4: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
Different view.
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Figure C.5: Five distinct runs per solver variant applied to (B.1) with ambient di-
mension n = 100.
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Figure C.6: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
Different view.
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Figure C.7: Five distinct runs per solver variant applied to (B.1) with ambient di-
mension n = 100.
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Figure C.8: Data profile for 20 CUTEst problems, with 10 runs per solver variant. In
the “gulf” around 22 equivalent gradient evaluations, all the best-performing solvers
are those with 0 past update directions.
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Figure C.9: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
Different view.
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Figure C.10: Five distinct runs per solver variant applied to (B.1) with ambient
dimension n = 100. As in Figures C.8 and C.9, the best-performing variants are
those that do not use a past update direction in the subspace construction.
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Figure C.11: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
Different view.
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Figure C.12: Five distinct runs per solver variant applied to (B.1) with ambient
dimension n = 100.
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Figure C.13: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
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Figure C.14: Five distinct runs per solver variant applied to (B.1) with ambient
dimension n = 100.
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Figure C.15: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
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Figure C.16: Five distinct runs per solver variant applied to (B.1) with ambient
dimension n = 100.
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Figure C.17: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
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Figure C.18: Five distinct runs per solver variant applied to (B.1) with ambient
dimension n = 100.
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C.3 Appendix to Section 4.2.5
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Figure C.19: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
Different view.
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Figure C.20: Five distinct runs per solver variant applied to (B.1) with ambient
dimension n = 100.
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Figure C.21: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
Different view.
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Figure C.22: Five distinct runs per solver variant applied to (B.1) with ambient
dimension n = 100.
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Figure C.23: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
Different view.
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Figure C.24: Five distinct runs per solver variant applied to (B.1) with ambient
dimension n = 100.
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Figure C.25: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
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Figure C.26: Data profile for 20 CUTEst problems, with 10 runs per solver variant.
Different view.
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Figure C.27: Five distinct runs per solver variant applied to (B.1) with ambient
dimension n = 100.

70



C.4 Appendix to Section 4.4.1
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Figure C.28: Five distinct runs per solver variant applied to (B.1) with ambient
dimension n = 100.
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C.5 Appendix to Section 4.4.2
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Figure C.29: Five distinct runs per solver variant applied to (B.1) with ambient
dimension n = 100.
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C.6 Appendix to Section 4.4.3
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Figure C.30: Five distinct runs per solver variant applied to (B.1) with ambient
dimension n = 100.
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